


To pick, or not to pick…



Outline

¥ Get to know the laws and the restrictions they impose

Look for the loopholes! 

¥ Develop a method

¥ Choose your tools

¥



How do we „calculate a material“?

NaCl (table salt)

„In physics and other sciences, theoretical work is said to be from first
principles, or ab-initio, if it starts directly at the level of established science and
does not make assumptions such as empirical model and parameter fitting.“

Calculate the properties (e.g. lattice parameter, 
bulk modulus, phonons, electronic bands, 
magnetic properties etc.) from first principles



How do we „calculate a material“?

Bunch of nuclei and electrons:
Use Quantum Mechanics!
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Many-body problem

May be solvable



Many-body problem



Many-body problem



Many-body problem: too complicated to solve!

P. A. M. Dirac, Proc. Camb. Phil. Soc. 26, 376 (1930)



Step 1: Born-Oppenheimer approximation

Adiabatic approximation: nuclei are heavy and move much slower than the electrons, 
so the electronic cloud has sufficient time to relax to its ground state in any instantaneous
configuration of the nuclei.
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Electronic Schrödinger Equation:



How much storage do we need?

Let‘s see how much disc space we need to store a wavefunction.

Take an atom, e.g. N with 7 electrons; store 10 values per coordinate

• 21 coordinates

• 10 entries per coordinate 1021 entries

• 1 byte per entry 1021 bytes

• 1 DVD ~ 5 GB =5x109 2x1011 DVDs

• Weight ~ 10g per DVD                                    2x1012 g = 2x106 t of DVDs

 =  (x1, y1, z1, ..., x7, y7, z7)
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How much is 2x106 t?



Born-Oppenheimer + Independent electrons
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<latexit sha1_base64="bnxc4yPCepX0J2Z+7I/RtlyGKyA="></latexit><latexit sha1_base64="bnxc4yPCepX0J2Z+7I/RtlyGKyA="></latexit><latexit sha1_base64="bnxc4yPCepX0J2Z+7I/RtlyGKyA="></latexit><latexit sha1_base64="bnxc4yPCepX0J2Z+7I/RtlyGKyA="></latexit>

H = E 
<latexit sha1_base64="tZcsJxxIEEnD2GRfH9Ze8heIOr0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6EUoiNBjBfsBbSib7aZdutkNuxOhhP4MLx4U8eqv8ea/cdPmoNUHuzzem2FmXpgIbtDzvpzS2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTHDJ2shRsF6iGYlDwbrh9Db3u49MG67kA84SFsRkLHnEKUEr9ZuDluE3d/k/rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LNK4PUsITQKRmzvqWSxMwE2WLluXtmlZEbKW2fRHeh/uzISGzMLA5tZUxwYla9XPzP66cYXQcZl0mKTNLloCgVLio3v98dcc0oipklhGpud3XphGhC0aZUsSH4qyf/JZ2Luu/V/fvLWsMr4ijDCZzCOfhwBQ1oQgvaQEHBE7zAq4POs/PmvC9LS07Rcwy/4Hx8A4WVkLA=</latexit><latexit sha1_base64="tZcsJxxIEEnD2GRfH9Ze8heIOr0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6EUoiNBjBfsBbSib7aZdutkNuxOhhP4MLx4U8eqv8ea/cdPmoNUHuzzem2FmXpgIbtDzvpzS2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTHDJ2shRsF6iGYlDwbrh9Db3u49MG67kA84SFsRkLHnEKUEr9ZuDluE3d/k/rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LNK4PUsITQKRmzvqWSxMwE2WLluXtmlZEbKW2fRHeh/uzISGzMLA5tZUxwYla9XPzP66cYXQcZl0mKTNLloCgVLio3v98dcc0oipklhGpud3XphGhC0aZUsSH4qyf/JZ2Luu/V/fvLWsMr4ijDCZzCOfhwBQ1oQgvaQEHBE7zAq4POs/PmvC9LS07Rcwy/4Hx8A4WVkLA=</latexit><latexit sha1_base64="tZcsJxxIEEnD2GRfH9Ze8heIOr0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6EUoiNBjBfsBbSib7aZdutkNuxOhhP4MLx4U8eqv8ea/cdPmoNUHuzzem2FmXpgIbtDzvpzS2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTHDJ2shRsF6iGYlDwbrh9Db3u49MG67kA84SFsRkLHnEKUEr9ZuDluE3d/k/rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LNK4PUsITQKRmzvqWSxMwE2WLluXtmlZEbKW2fRHeh/uzISGzMLA5tZUxwYla9XPzP66cYXQcZl0mKTNLloCgVLio3v98dcc0oipklhGpud3XphGhC0aZUsSH4qyf/JZ2Luu/V/fvLWsMr4ijDCZzCOfhwBQ1oQgvaQEHBE7zAq4POs/PmvC9LS07Rcwy/4Hx8A4WVkLA=</latexit><latexit sha1_base64="tZcsJxxIEEnD2GRfH9Ze8heIOr0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6EUoiNBjBfsBbSib7aZdutkNuxOhhP4MLx4U8eqv8ea/cdPmoNUHuzzem2FmXpgIbtDzvpzS2vrG5lZ5u7Kzu7d/UD086hiVasraVAmleyExTHDJ2shRsF6iGYlDwbrh9Db3u49MG67kA84SFsRkLHnEKUEr9ZuDluE3d/k/rNa8ureA+5f4BalBgdaw+jkYKZrGTCIVxJi+7yUYZEQjp4LNK4PUsITQKRmzvqWSxMwE2WLluXtmlZEbKW2fRHeh/uzISGzMLA5tZUxwYla9XPzP66cYXQcZl0mKTNLloCgVLio3v98dcc0oipklhGpud3XphGhC0aZUsSH4qyf/JZ2Luu/V/fvLWsMr4ijDCZzCOfhwBQ1oQgvaQEHBE7zAq4POs/PmvC9LS07Rcwy/4Hx8A4WVkLA=</latexit>

0

Electronic Schrödinger Equation:

assume independent electrons
h(ri)

<latexit sha1_base64="ypPswLadv33LVNO+9NwcbSyTosU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJCLosuHFZwT6gDWEynbRDJ5MwMxFq6Je4caGIWz/FnX/jJM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw7r9tFxT8WpJLRLYh7LQYAV5UzQrmaa00EiKY4CTvvB7Db3+49UKhaLBz1PqBfhiWAhI1gbybfr0+YownoahJlc+OzCtxtOyymA1olbkgaU6Pj212gckzSiQhOOlRq6TqK9DEvNCKeL2ihVNMFkhid0aKjAEVVeVgRfoHOjjFEYS/OERoX6eyPDkVLzKDCTeUi16uXif94w1eGNlzGRpJoKsjwUphzpGOUtoDGTlGg+NwQTyUxWRKZYYqJNVzVTgrv65XXSu2y5Tsu9v2q0nbKOKpzCGTTBhWtowx10oAsEUniGV3iznqwX6936WI5WrHLnBP7A+vwBfI+S6A==</latexit><latexit sha1_base64="ypPswLadv33LVNO+9NwcbSyTosU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJCLosuHFZwT6gDWEynbRDJ5MwMxFq6Je4caGIWz/FnX/jJM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw7r9tFxT8WpJLRLYh7LQYAV5UzQrmaa00EiKY4CTvvB7Db3+49UKhaLBz1PqBfhiWAhI1gbybfr0+YownoahJlc+OzCtxtOyymA1olbkgaU6Pj212gckzSiQhOOlRq6TqK9DEvNCKeL2ihVNMFkhid0aKjAEVVeVgRfoHOjjFEYS/OERoX6eyPDkVLzKDCTeUi16uXif94w1eGNlzGRpJoKsjwUphzpGOUtoDGTlGg+NwQTyUxWRKZYYqJNVzVTgrv65XXSu2y5Tsu9v2q0nbKOKpzCGTTBhWtowx10oAsEUniGV3iznqwX6936WI5WrHLnBP7A+vwBfI+S6A==</latexit><latexit sha1_base64="ypPswLadv33LVNO+9NwcbSyTosU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJCLosuHFZwT6gDWEynbRDJ5MwMxFq6Je4caGIWz/FnX/jJM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw7r9tFxT8WpJLRLYh7LQYAV5UzQrmaa00EiKY4CTvvB7Db3+49UKhaLBz1PqBfhiWAhI1gbybfr0+YownoahJlc+OzCtxtOyymA1olbkgaU6Pj212gckzSiQhOOlRq6TqK9DEvNCKeL2ihVNMFkhid0aKjAEVVeVgRfoHOjjFEYS/OERoX6eyPDkVLzKDCTeUi16uXif94w1eGNlzGRpJoKsjwUphzpGOUtoDGTlGg+NwQTyUxWRKZYYqJNVzVTgrv65XXSu2y5Tsu9v2q0nbKOKpzCGTTBhWtowx10oAsEUniGV3iznqwX6936WI5WrHLnBP7A+vwBfI+S6A==</latexit><latexit sha1_base64="ypPswLadv33LVNO+9NwcbSyTosU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJCLosuHFZwT6gDWEynbRDJ5MwMxFq6Je4caGIWz/FnX/jJM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw7r9tFxT8WpJLRLYh7LQYAV5UzQrmaa00EiKY4CTvvB7Db3+49UKhaLBz1PqBfhiWAhI1gbybfr0+YownoahJlc+OzCtxtOyymA1olbkgaU6Pj212gckzSiQhOOlRq6TqK9DEvNCKeL2ihVNMFkhid0aKjAEVVeVgRfoHOjjFEYS/OERoX6eyPDkVLzKDCTeUi16uXif94w1eGNlzGRpJoKsjwUphzpGOUtoDGTlGg+NwQTyUxWRKZYYqJNVzVTgrv65XXSu2y5Tsu9v2q0nbKOKpzCGTTBhWtowx10oAsEUniGV3iznqwX6936WI5WrHLnBP7A+vwBfI+S6A==</latexit>

H =
NX

i=1

h(ri)
<latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0QT6LvAa/13EVVqV0t30D5MjqkQ=">AAAB+3icbZDNS8MwGMbf+jnn1OpVhOAQ5mW0XvQyELzsJBPcB6y1pFm6hSVtSVJhlJ68+K948aCI/4c3/xuzj4NuPhD48TwJed8nTDlT2nG+rbX1jc2t7dJOebeyt39gH1Y6KskkoW2S8ET2QqwoZzFta6Y57aWSYhFy2g3HN9O8+0ilYkl8rycp9QUexixiBGtjBfZJs+GpTAQ5a7jFw+2o5gmsR2GUyyJg54FdderOTGgV3AVUYaFWYH95g4RkgsaacKxU33VS7edYakY4LcpepmiKyRgPad9gjAVVfj5bo0BnxhmgKJHmxBrN3N8vciyUmojQ3JwOqZazqflf1s90dOXnLE4zTWMy/yjKONIJmnaCBkxSovnEACaSmVkRGWGJiTbNlU0J7vLKq9C5qLtO3b1zoATHcAo1cOESrqEJLWgDgSd4gTd4t56tV+tjXteatejtCP7I+vwBFSmXJQ==</latexit><latexit sha1_base64="0QT6LvAa/13EVVqV0t30D5MjqkQ=">AAAB+3icbZDNS8MwGMbf+jnn1OpVhOAQ5mW0XvQyELzsJBPcB6y1pFm6hSVtSVJhlJ68+K948aCI/4c3/xuzj4NuPhD48TwJed8nTDlT2nG+rbX1jc2t7dJOebeyt39gH1Y6KskkoW2S8ET2QqwoZzFta6Y57aWSYhFy2g3HN9O8+0ilYkl8rycp9QUexixiBGtjBfZJs+GpTAQ5a7jFw+2o5gmsR2GUyyJg54FdderOTGgV3AVUYaFWYH95g4RkgsaacKxU33VS7edYakY4LcpepmiKyRgPad9gjAVVfj5bo0BnxhmgKJHmxBrN3N8vciyUmojQ3JwOqZazqflf1s90dOXnLE4zTWMy/yjKONIJmnaCBkxSovnEACaSmVkRGWGJiTbNlU0J7vLKq9C5qLtO3b1zoATHcAo1cOESrqEJLWgDgSd4gTd4t56tV+tjXteatejtCP7I+vwBFSmXJQ==</latexit><latexit sha1_base64="RG2DCZETnEObRhTRhwj+HyzPif8=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAh1UyZudFMouOlKKtgHtDFMppN26MwkzEyEErJy46+4caGIW7/BnX/jpM1CWw9cOJxzL/feE8SMKg3ht7Wyura+sVnaKm/v7O7t2weHHRUlEpM2jlgkewFShFFB2ppqRnqxJIgHjHSDyXXudx+IVDQSd3oaE4+jkaAhxUgbybdPmvWBSrif0rqb3d+MqwOO9DgIU5n59Ny3K7AGZ3CWiVuQCijQ8u2vwTDCCSdCY4aU6rsw1l6KpKaYkaw8SBSJEZ6gEekbKhAnyktnb2TOmVGGThhJU0I7M/X3RIq4UlMemM78SLXo5eJ/Xj/R4ZWXUhEnmgg8XxQmzNGRk2fiDKkkWLOpIQhLam518BhJhLVJrmxCcBdfXiadi5oLa+4trDRgEUcJHINTUAUuuAQN0AQt0AYYPIJn8ArerCfrxXq3PuatK1YxcwT+wPr8AZ1fmIA=</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit>



Independent electrons

Slater determinant

H =
NX

i=1

h(ri)
<latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0QT6LvAa/13EVVqV0t30D5MjqkQ=">AAAB+3icbZDNS8MwGMbf+jnn1OpVhOAQ5mW0XvQyELzsJBPcB6y1pFm6hSVtSVJhlJ68+K948aCI/4c3/xuzj4NuPhD48TwJed8nTDlT2nG+rbX1jc2t7dJOebeyt39gH1Y6KskkoW2S8ET2QqwoZzFta6Y57aWSYhFy2g3HN9O8+0ilYkl8rycp9QUexixiBGtjBfZJs+GpTAQ5a7jFw+2o5gmsR2GUyyJg54FdderOTGgV3AVUYaFWYH95g4RkgsaacKxU33VS7edYakY4LcpepmiKyRgPad9gjAVVfj5bo0BnxhmgKJHmxBrN3N8vciyUmojQ3JwOqZazqflf1s90dOXnLE4zTWMy/yjKONIJmnaCBkxSovnEACaSmVkRGWGJiTbNlU0J7vLKq9C5qLtO3b1zoATHcAo1cOESrqEJLWgDgSd4gTd4t56tV+tjXteatejtCP7I+vwBFSmXJQ==</latexit><latexit sha1_base64="0QT6LvAa/13EVVqV0t30D5MjqkQ=">AAAB+3icbZDNS8MwGMbf+jnn1OpVhOAQ5mW0XvQyELzsJBPcB6y1pFm6hSVtSVJhlJ68+K948aCI/4c3/xuzj4NuPhD48TwJed8nTDlT2nG+rbX1jc2t7dJOebeyt39gH1Y6KskkoW2S8ET2QqwoZzFta6Y57aWSYhFy2g3HN9O8+0ilYkl8rycp9QUexixiBGtjBfZJs+GpTAQ5a7jFw+2o5gmsR2GUyyJg54FdderOTGgV3AVUYaFWYH95g4RkgsaacKxU33VS7edYakY4LcpepmiKyRgPad9gjAVVfj5bo0BnxhmgKJHmxBrN3N8vciyUmojQ3JwOqZazqflf1s90dOXnLE4zTWMy/yjKONIJmnaCBkxSovnEACaSmVkRGWGJiTbNlU0J7vLKq9C5qLtO3b1zoATHcAo1cOESrqEJLWgDgSd4gTd4t56tV+tjXteatejtCP7I+vwBFSmXJQ==</latexit><latexit sha1_base64="RG2DCZETnEObRhTRhwj+HyzPif8=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAh1UyZudFMouOlKKtgHtDFMppN26MwkzEyEErJy46+4caGIW7/BnX/jpM1CWw9cOJxzL/feE8SMKg3ht7Wyura+sVnaKm/v7O7t2weHHRUlEpM2jlgkewFShFFB2ppqRnqxJIgHjHSDyXXudx+IVDQSd3oaE4+jkaAhxUgbybdPmvWBSrif0rqb3d+MqwOO9DgIU5n59Ny3K7AGZ3CWiVuQCijQ8u2vwTDCCSdCY4aU6rsw1l6KpKaYkaw8SBSJEZ6gEekbKhAnyktnb2TOmVGGThhJU0I7M/X3RIq4UlMemM78SLXo5eJ/Xj/R4ZWXUhEnmgg8XxQmzNGRk2fiDKkkWLOpIQhLam518BhJhLVJrmxCcBdfXiadi5oLa+4trDRgEUcJHINTUAUuuAQN0AQt0AYYPIJn8ArerCfrxXq3PuatK1YxcwT+wPr8AZ1fmIA=</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit><latexit sha1_base64="eCS9S9EcHKJkKcgizLQ1ByNCjSY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURQTeFgpuupIJ9QBPDZDpph84kYWYilJCVG3/FjQtF3PoN7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JVRIjDp4IhFou8jSRgNSUdRxUg/FgRxn5GeP7nO/d4DEZJG4Z2axsTlaBTSgGKktOSZx62GIxPupbRhZ/c345rDkRr7QSoyj555ZtWqWzPAZWIXpAoKtD3zyxlGOOEkVJghKQe2FSs3RUJRzEhWcRJJYoQnaEQGmoaIE+mmszcyeKqVIQwioStUcKb+nkgRl3LKfd2ZHykXvVz8zxskKrhyUxrGiSIhni8KEgZVBPNM4JAKghWbaoKwoPpWiMdIIKx0chUdgr348jLpntdtq27fXlSbVhFHGRyBE1ADNrgETdACbdABGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCen5iE</latexit>

To calculate an observable we only need single particle orbitals!

 (r1�1, ..., rN�N ) =
1p
N !

det[ 1(r1�1) 1(r2�2)... N (rN�N )]
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E = h |H| i =
NX

i=1

✏i =
NX

i=1

h i|h(ri)| ii
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Back to N-atom

Let‘s see how much disc space we now need to store a wavefunction.

N with 7 electrons; store 10 values per coordinate

• 7 electrons maximally 7 orbitals

• Each orbital depends on 3 variables

• 10 entries per coordinate 103 entries

• in total, for all orbitals 7x103 entries

7 kB of data

The coordinates of an electron are independent of the coordinates of all other electrons, 
because the particles do not interact!

 1, ..., 7
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In reality, however, the electrons do interact, so…



Mean-field theories

Maybe we could find a way to map the interacting Hamiltonian

onto a non-interacting one, with an effective potential which includes the interaction?
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Mean field approximations:

• Hartree-Fock

• Density Functional Theory (DFT)



Hartree equations

The potential consists of the “external” potential due to the ions and an
approximation to the true electronic one: each electron sees the others as a
smooth distribution of negative charge with charge density
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Division of electrons into “core” and valence



Hartree equations

Hartree equations (one for each occupied one-electron level):

Solved self-consistently: for a trial electronic potential determine the one-electron 
wavefunctions then use them to construct the new potential and iterate further.  

Even though approximate, already quite complex and difficult to solve! 

� �2

2m
⇤2

i �i(r) + Uext(r)�i(r) +
�

j

⇥
dr�|�j(r�)|2 e2

|ri � r�|�i(r) = ⇥i�i(r)



Hartree-Fock equations

Hartree equations can be derived from the trial function:

�(r1s1, r2s2, ..., rNsN ) = �1(r1s1)�2(r2s2)...�N (rNsN ), which is not

antisymmetric, as required by the Pauli principle. By using a Slater determinant 
instead, one arrives to Hartree-Fock equations that also contain an exchange term:
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Hartree-Fock & Density Functional Theory (DFT)

¥

¥ Optimize 

Wave-function based

�(r1s1, r2s2, ..., rNsN )

E =
⇥�|H|�⇤
⇥�|�⇤

Many complicated wave functions.

Can we try to extract information about physical systems with an integrated 
quantity instead?



Hartree-Fock & Density Functional Theory (DFT)

¥

¥ Optimize 

¥ Use 

¥ Minimize functional             , provided that it exists and is (to some extent) known 

Wave-function based

Density based

�(r1s1, r2s2, ..., rNsN )

E =
⇥�|H|�⇤
⇥�|�⇤

E[n(r)]

n(r) = N
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...
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dr2...
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drN��(rs1, r2s2, ..., rNsN )�(rs1, r2s2, ..., rNsN )



The Essence of DFT

Theorem 1: For a given external potential V, the ground-state properties of a system 
are uniquely determined by the electron density alone, i.e. they are functionals of the 
density. 

Theorem 2: The exact ground-state density minimizes the energy functional E[n(r)]

P. Hohenberg, W. Kohn, Phys. Rev. 136, B864 (1964)



Kohn-Sham Equations

W. Kohn, L. J. Sham, Phys. Rev. 140, A1133 (1965)

How do we now use DFT to calculate materials’ properties?

¥ Start from a non-interacting electron gas in a potential       à one-electron 
Schrödinger equation:

¥ For N electron states, construct the one-particle electron density from the lowest-
lying one-particle states:

¥ For small variations around the ground-state density E is stationary:

yields the exact ground state density
corresponding to



Now to an interacting system:

¥ Now assume that we can find an effective potential so that                            
where         is the ground state density of an interacting system.

¥ From

à

à Equations solved self-consistently: guess     à à

Kohn-Sham Equations

kinetic energy of the
non-interacting system

Hartree term
Exchange and correlation; 
contains the exchange 
interactions and the corrections 
to the kinetic energy

Approximate!



Local Density Approximation (LDA)

¥ Kohn-Sham equations transfer the problem of finding the correct density to
finding the correct exchange-correlation potential. 

¥ The simplest approximation is LDA, which exploits the nearsightedness of 
the electronic matter:

where                 is exchange and correlation energy per particle of a 
homogeneous electron gas (HEG). 

W. Kohn, L. J. Sham, Phys. Rev. 140, A1133 (1965)

Actual 𝑛
Impossible to calculate 𝐸#$

Uniform 𝑛	of a HEG 
Possible to calculate 𝜀#$

𝑛	used by LDA to
approximate 𝐸#$

(Illustration from a lecture by Stefano di Gironcoli)

Kohn & Sham: “We do not expect an accurate description of chemical binding”



“Jacob’s ladder” of approximations

Improve LSD by incorporating exact constraints successively

(according to J. P. Perdew)

“And he dreamed, and behold a ladder set up on the earth, and the top of it reached to heaven: and behold the 
angels of God ascending and descending on it.” Genesis 28:12 (King James Version).

Most frequently used
(Local Spin-Density Approximation)

(Generalized Gradient Approximation)

More on Thursday: lecture by Matthias Redies!



Kohn-Sham: cautionary notes

¥ Kohn-Sham orbitals have, strictly speaking, no physical meaning, except that 
𝑛 𝑟 = ∑ 	+

,-. |𝜑, 𝑟 |1 is the exact density of the interacting system. In particular, 
𝑑𝑒𝑡(𝜑, 𝑟 ) is not to be taken as an approximation to the many-body wave-
function of the system.

¥ Likewise, the orbital energies 𝜖, have in general no physical meaning,



Self consistency cycle and structure optimisation



How to tell the computer what to do?

I said, solve the
Kohn-Sham equations! 
K.O.H.N.-S.H.A.M!!!



How to tell the computer what to do?

Turn Kohn-Sham equations into matrix equations!

Two options:

¥ Discrete real space grid

¥ Expansion in a basis set



Discrete grids: 1D illustration

x1.     x2       x3.       x4.       x5       x6         ….      x8    …. 

𝒉

𝒇(𝒙)

𝒇(𝒙)à

Derivatives à finite differences:

Simplest formula for the second derivative is: 

 𝒅
𝟐𝒇

𝒅𝒙𝟐
=
𝒙𝒋
= 𝒇 𝒙𝒋?𝟏 A𝟐𝒇 𝒙𝒋 B𝒇 𝒙𝒋C𝟏

𝒉𝟐

A 1D Kohn-Sham equation takes the form:

𝒇(𝒙𝟏)
𝒇(𝒙𝟏)
𝒇(𝒙𝟏)
⋮

𝒇(𝒙𝒏)

Boundary conditions!



Discrete grids: 1D illustration

Boundary conditions:

• For finite systems K-S orbitals are zero on the boundary

• For periodic systems: 𝝋𝒌(𝒙𝟎)= 𝝋𝒌(𝒙𝒏), 𝝋𝒌(𝒙𝟏)= 𝝋𝒌 𝒙𝒏B𝟏

Integrals are calculated as finite sums:

I 𝑑𝑥	𝑓 𝑥 = ℎ	M𝑓(𝑥N)
O

N-.

#P	

#Q

Of course, one introduces an error by discretizing the functions, which depends on 
the spacing of the grid points.



Choose some functions               and expand the wavefunction:

à The differential equation turns into a linear algebra equation

In short:

X

⌫

Hµ⌫ci⌫ = ✏i
X

⌫

Sµ⌫ci⌫

Hci = ✏iSci

�µ(~r)

Expansion into basis functions

 (~r) =
NbX

µ

cµ�µ(~r)𝜑



• Hamiltonian contains the matrix elements of the kinetic energy and of the 
potential:

• The Overlap matrix:

• Overlap is diagonal for orthogonal basis functions

S⌫µ =

Z

V
d3r�⇤

⌫(~r)�µ(~r)

Two matrices

H⌫µ=

Z

V
d
3
r�⇤

⌫(~r)

✓
�1

2
r2 + Ve↵ (~r)

◆
�µ(~r)

= T⌫µ + V⌫µ

𝑣S



The choice of the basis depends on two criteria:
1) Boundary conditions
• For finite systems 𝜙,(𝑟) 0
• For periodic systems: plane waves
2)  Generality vs. suitability to the specific problem 
• The closer the basis functions are to the actual K-S orbitals, the fewer 

basis functions one needs:
If we manage to guess a basis function that equals the wavefunction, a single 
expansion coefficient would be enough

• One cannot, however, chose a different basis set for each problem!

The choice of the basis functions

 (~r) =
1X

i

ci�i=1(~r)𝜑

𝒓 → ∞



Examples: Local basis sets

Construct basis functions that are centered at the atoms

• Gaussian basis functions

(usually linear combinations of such Gaussians are used).

• Slater type

�(~r) =
1

N
e�↵(~r�~R)2

Atomic position

These functions decay exponentially for large distance and have the correct 
behavior close to the nuclei

(n is an integer -> principle quantum number)

These functions also need an angular part àusually spherical harmonics

�(r) =
1

N
|(r � R)|n�1e�⌘(r�R)



Examples: Plane waves (for periodic systems)

Advantages:
• Orthonormal basis set
• Single convergence parameter: number of plane waves
• Plane waves are momentum eigenfunctions à the kinetic 

energy is diagonal

• Plane waves easily fulfill the Bloch ansatz for periodic 
systems by taking 

~g = ~k + ~G

T~g ,~g 0 =
1

2
|~g |2�(~g � ~g 0)

�~g (~r) =
1

N
e i~g~r



Examples: Plane waves (for periodic systems)

Advantages:
• Potential matrix elements are given by the Fourier transform of 

the potential

�~g (~r) =
1

N
e i~g~r

V~g ,~g 0 =
1

N2

Z

V
d3rV (r)e i(~g

0�~g)~r

= VFT (~G
0 � ~G )



The non-trivial part of the story…

Two problems:
• The ionic potentials have an integrable pole at the position of the ions
à Gaussian and Slater type orbitals we can solve the integral analytically, but for 
grids and plane waves we have a problem (infinitely many grid points / plane-waves 
needed to describe the pole)
• Core electrons are usually localized near the ion
à Localized functions need finer grids / many plane waves, while at the same time 
core electrons are not essential for binding and general electronic behavior.
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The non-trivial part of the story…

Two possibilities:
• Pseudopotentials
à Modify the potential to make it easier to treat 

• Augmented plane waves
à Treat core and valence electrons differently à Gregor Michalicek’s lecture
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r
rc

V (r)

Ṽ (r)

 ̃(r)

 (r)

Replace AE wavefunction by pseudo-
wavefunction

à smooth nodeless wavefunction
à same as AE outside some radius
à inside the core radius the 

nodeless wavefunction is meaningless

Remove the 1/r singularity
à “remove” core states 
à remove numerical difficulties

Create a smooth potential

Idea behind a pseudo-potential



Idea behind the augmented plane waves

Partition space:

• MT spheres 
Potential is spherically symmetric 
à use the solutions of the radial part of the Schrödinger 
equation
• Interstitial
Potential is small
àuse plane waves

Stay tuned for more: lecture by Gregor Michalicek!



Take-home messages

• Many-body problems: difficult to solve, large memory needed for storing the 
wave function; approximations are needed

• Mean-field approaches: Hartree-Fock & DFT

• DFT: given an external potential, the ground-state density uniquely determines the 
ground-state properties and minimizes the energy functional.

• Kohn-Sham equations map a system of interacting particles onto a system of 
non-interacting particles with the same density.

• Approximations to the exchange-correlation functional are necessary

• One seeks a self-consistent solution to the K-S equations

• Various computational methods exist, the right choice depending on several factors, 
such as e.g. the type of the system to be treated and whether one is interested in the core 
electrons or not



Thank you for your attention!


