FORCES AND DFPT
The All-Electron FLAPW Realization in FLEUR

Monday 9™ September, 2019 | Picking flowers: Hands-on FLEUR | IAS 1 & PGI 1

wwwflapw.de

DRIVING a ']
leur zcecam @) JuLicH



GEOMETRY OPTIMIZATIONS

Finding the Minimal Total Energy

= Configurations of atoms in unit cell
might be unstable

= Results in force relaxing atoms from
current into natural position
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GEOMETRY OPTIMIZATIONS

Finding the Minimal Total Energy

= Configurations of atoms in unit cell

1_, .
might be unstable H= =3V + Veel AT+ Verlrl

= Results in force relaxing atoms from Hbi(r) = emilr) e -
current into natural position v=S"1 . ) :
i n= Nold Nnew
= Force zero if total energy minimal with o) = S5 (o
_dBg :

respect to atomic postions F,, = —-! .

D. Wortmann, DFT in practice, 45th IFF Spring School (2014).
= Minimal total energy: Stable geometry found!
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GEOMETRY OPTIMIZATIONS

Finding the Minimal Total Energy

= Configurations of atoms in unit cell

1_, .
might be unstable H= =3V + Veel AT+ Verlrl

= Results in force relaxing atoms from Hbi(r) = emilr) e -
current into natural position v=S"1 . ) :
i n= Nold s Nnew
= Force zero if total energy minimal with o) = S5 (o
_dEg "

respect to atomic postions F,, = —-! .

D. Wortmann, DFT in practice, 45th IFF Spring School (2014).

= Minimal total energy: Stable geometry found!

Note:
= Energy landscape might contain several minima / stable geometries
= Calculation of forces combinable with optimization algorithms
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DFT FORCE CALCULATION

Theory (Hellmann-Feynman Force)

dESS
—o
= The Hellmann-Feynman (HF) contribution incorporates 2 resulting terms

= Force from negative gradient of Kohn—Sham total energy F,, =

Bl = 3 £, = [t o Vantr) + 5 ] a0 5y )

18 7,7, Pl
+= d3 /07 /d3 / / /
32T a Z/ P [ @ el
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DFT FORCE CALCULATION

Theory (Hellmann-Feynman Force)

_dE?
dr,

= The Hellmann—Feynman (HF) contribution incorporates 2 resulting terms

= Force from negative gradient of Kohn—Sham total energy F,, =

Bl = g | d3rpo<r>veﬁ<r>+§ [[ e o ol

N
J Z{\ ) /r/) / / /
Z [ T [ e et

1

Jr v(-ﬂ ZZ{
24 T, — 7

+5

£ = [7VT“Etléts]HF - Z ()a ZoZs + / d3r’ - 0 Zup(r')

’
Toa — T3 ()T“ ‘Tﬂ -r |

.f"'(\ (\
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DFT FORCE CALCULATION

Theory (Hellmann-Feynman Force)

= Force from negative gradient of Kohn—Sham total energy F,, = —iET{f"S

= The Hellmann—Feynman (HF) contribution incorporates 2 resulting terms
= Applying Weinert method delivers HF force as implemented in FLEUR

1 s 13, Po(T)po(T7)
Bl = 301,65 = [ a0 po(riVan(r) [ oo PO
N,
1 at Z Z at
+ _Ta”B Z/dS ’ M /d3r/ Po(’“/>6xc[Po(7’/)]
04#5 |T — TB‘ T —7T |
o Z.,Z o Z ’
L R I D e e T / @ Zap(r’)
HE A7 0T |, — 7 To |Ta — 7|
1 /4 R 3 T ' |
s ( 1 ) T5 Am o \ |- S ‘C 1 ( R(\ )
F.,=Z Te / Is. p® (s.)]1— [ 22 “Cilm\ te/
a,Yu (\]”771 om 1€, ( 3 ) as,, /)11,,,(\5“) [ (1{“> ] + 11)”
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THE WEINERT METHOD

Example: Coulomb potential
= Goal: Solve Poisson equation
AVeoul(T) o< p(r)

www flapw.de
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THE WEINERT METHOD

Example: Coulomb potential
= Goal: Solve Poisson equation
AVeoul(T) o< p(r)
= Multipole moments not unique

G = / &ry;, (|j7|> ! — 7. p(r)
MT, Ta

= Fourier transform appliable to / \/ \

>

RMT“ RMTﬂ

4r )
= iGr T, T3
IR Coul Z G2 € o
G#0

M. Weinert, J. Math. Phys, 22, 2433 (1981).
www flapw.de
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THE WEINERT METHOD

Example: Coulomb potential
= Goal: Solve Poisson equation
AVeoul(T) o< p(r)
= Multipole moments not unique

o d3rv* L™ l_ l
Qim /MTQ r lm(|r_7_a|>|r 7'(¥|p(’l°)

= Fourier transform appliable to

4r )
= VIS Coul(T) = E e

G#0

= Muffin-tin potential from boundary-value problem

' ’ / / 1
Vi coulra 4 70) = [, p(r)Glraert) = o
MT

M. Weinert, J. Math. Phys, 22, 2433 (1981).
www flapw.de
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DFT FORCE CALCULATION

Theory: (Pulay Force)

= FLEUR uses the LAPW basis set dependent on r (see previous talk)
= Gradient also acts on basis-functions!

QekS OV (1
PP =3~ [ () e

nk
=5 ok | g
- fnk< aTa ‘ €nk

e) + o
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DFT FORCE CALCULATION

Theory: (Pulay Force)

» FLEUR uses the LAPW basis set dependent on r (see previous talk)
= Gradient also acts on basis-functions!

KS
Pulay anae /dST,OO 8Veff( )

oT
)14
_ ank<(‘ nk H
— ot

— Enk

e) + o
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DFT FORCE CALCULATION

Theory: (Pulay Force)

= FLEUR uses the LAPW basis set dependent on r (see previous talk)
= Gradient also acts on basis-functions!

QekS OV (1
PP =3~ [ () e

W
_ Z fnk<(; nk ‘7_[
— oT,

— Enk !pnk> + C.C.

Background knowledge:
= Pulay terms compensate Kohn—Sham solutions to be variational
= Pulay terms involve LAPW-valence state and non-LAPW core states (later)
= General (LAPW-independent) formulation up to now!

Pulay, Mol. Phys., 1969, 17, 197-204
Yu, R., Singh, D. & Krakauer, H., Phys. Rev. B, 1991, 43, 6411-6422
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BASIS SET CORRECTION

Beyond plane-wave codes

= LAPW basis — Basis correction term required

O, (7) = Z Oz (nk) brc(r) + 2g(nk) 70(‘)224_(\70) ; ¢’;\:G
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BASIS SET CORRECTION

Beyond plane-wave codes

= LAPW basis — Basis correction term required
m Vanishes for interstitial region / plane-wave codes

OV, (1) 0z (nk) 0dpe(T) | MT
ar XG: or, Prc(r) + ZG(”"’)T ; ¢kc %;\alm,\ Uz Y i (70)
Opa(r) ik +G)—V]oga(r) ,reMT(a)
or  ]o ,else
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BASIS SET CORRECTION

Beyond plane-wave codes

= LAPW basis — Basis correction term required
= Vanishes for interstitial region / plane-wave codes

ov. 0 k 0 o - .
nk(T) _ S zg<n >¢kG(r) +zG(nk)¢’“aGm; ore (1) =D AU Y, (7y)
el Ta T lmA

O (r) {Mk +G) = Vdgelr) s reMT(a)

oT 0 ,else

akG Arit i (|k+ G|R
Amo — i elfk+Gw»TY* E+Q)/|k+G Ufl Jl(‘ + ‘ a)
(“) Vi ik + GG 1 4 @ik + GIR,)
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BASIS SET CORRECTION

Beyond plane-wave codes

= LAPW basis — Basis correction term required
= Vanishes for interstitial region / plane-wave codes
= BUT: Basis correction term cannot fully be described by LAPW Hilbert space!

OV, (7) 0z¢(nk) 0drc(r) | MT
or zc:: or. Pra(r) + 2g(nk) or rcs %;\alm,\ Uz Y i (70)
Oppg(r)  Jlilk+G)—V]oa(r) ,reMT(a)
or  ]o ,else

akG 4 - ) Ak G|R
im0 — a2 i(k+G)-Tv* —1 Jl(‘ + ‘ a)
( akG) \/ﬁe Ylm((k+G)/|k+GDQ (|k—|—G|JZ(|k3—|—G|Ra)
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BASIS SET CORRECTION

Beyond plane-wave codes

LAPW basis — Basis correction term required
Vanishes for interstitial region / plane-wave codes

BUT: Basis correction term cannot fully be described by LAPW Hilbert space!

Frozen-augmentation approximation: «; (7) ~ u,

ov 0 k 0
) = 3 P onelr) ol P ) = S i)
OPra(r) _ i(k+G) = V]pg(r) ,reMT(a)
oT 0 ,else

akG 4 - ) Ak G|R
im0 — a2 i(k+G)-Tv* —1 Jl(‘ + ‘ a)
( akG) \/ﬁe Ylm(<k+G)/’k+GDQ (|k—|—G|JZ(|k+G|Ra)
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THE INP.XML FILE

Relevant Extract for Relaxation Algorithm

<calculationSetup>
<geometryOptimization ="F" ="1.0" ="BFGS"
=".00001" =".,00001"/>
</calculationSetup>

<atomGroups>
<atomGroup ="foo">
<force =T ="TTT"/>
</atomGroup>
</atomGroups>
<xi:include ixi="http://www.w3.0rg/2001/XInclude"

="relax.xml"> <xi:fallback/> </xi:include>

www.flapw.de
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SURFACE TERMS

Compensating discontinuities
Positions of nuclei

= LAPW basis features discontinuity
between interstitial and muffin-tin

Muffin-tins Interstitial

D. Wortmann, DFT in practice, 45th IFF Spring School (2014).

www flapw.de
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SURFACE TERMS

Compensating discontinuities
Positions of nuclei

= LAPW basis features discontinuity
between interstitial and muffin-tin
= Correction term to ...

= .. .fix discontinuity of integration
= ...correct discontinuous potential,
density and xc-energy density terms

Muffin-tins Interstitial = Alternative: Reduce discontinuity
D. Wortmann, DFT in practice, 45th IFF Spring School (2014).
ourt — 75 ASE[pMT(MT 4 VMT 4 NIV [pR(R VIR 4 IR))]
OMT ()
S S [P — O — (T — )2
OMT ()

Kluppelberg et al., Phys. Rev. B, 2015, 91, 035105
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DFT FORCE CALCULATION

Pulay Core Force

Fsu.,core _ _/ Ve (P)V p& e (1) d3r
2

= Dependence on 7, from local coordinate frame
= |n practise, core states are not perfectly confined to muffin-tins.

= Core-tail interstitial solution with help from a gaussian pseudo-density which is
smoother than the original spherical core density

= Area integrated over is whole unit cell — Increase of user friendness, as result not
dependent on mufin-tin radii
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DRIFT FORCE

Violation of the acoustic sum rule

Acoustic sumrule: Fp, =3} F,=0
The sum of the forces on all atoms adds up to zero.

= Usually non-vanishing drift force Fy in practise

= Contradicts Newton’s 3rd law of motion!

= Sometimes out-convergable by using higher Imax-cutoff
and LOs

= Shown correction terms let the drift force vanish
while using a relatively small Imax cutoff

= Tradeoff between accuracy and performance in practise
(Force calculation levels)

materialscloud.org
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FORCE CORRECTION TERMS

Effect on Drift Force

021 | | | | EuTiOs‘

black: Yu et al.

green: Core-tail correction
blue : Surface terms (kinetic)
red : More surface terms

Drift Force [mHtr/ag]
[ |

8 10 12 14 16 18
lmax
D. A. Kluppelberg, Key Technologies (Schriften des Forschungszentrums Jillich), 119, PhD Thesis (2015).
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PHONONS

Brief Reminder

= Dynamics in solid «+— Coulomb interaction between electrons and nuclei
= Decoupled dynamics +— Mass difference of electrons and nuclei (Born—Oppenheimer)

H
so(T Z or}  24- Z |r —T | Z
Gy 'ﬁﬁu
= Wavefunctions and energies of the nuclei by solvmg

(—; 31 e Faol >>w<f>=Ew<r>

’I‘—’f‘| ‘T—T‘

K
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PHONONS

Brief Reminder

Dynamics in solid «+— Coulomb interaction between electrons and nuclei
Decoupled dynamics + Mass difference of electrons and nuclei (Born—Oppenheimer)

HeolT Zar 2= Z|r—1’| Z

'ﬁﬁu ‘T -7 ‘
Wavefunctions and energies of the nuclei by solving

(—; 31 e Faol >>w<f>=Ew<r>

’f’—’f‘|

K

Individual infinitesimal ion position shift specified by respective phonon vector

wl(q) = Q,(q)' % + Q; (q)e 17

www flapw.de
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FINITE DISPLACEMENT METHOD

Phonons

= Born—Oppenheimer energy relates to total energy of ab-initio calculation
= Finite Displacement Method: Finding the Force-Constant Matrix (FCM)

0 1 0%E
Ego(u) = Eéo) T3 Z oo

ﬁ uRN,@ uR'N',@' + ...
RrBR'w B OTrRkp VTR k' B/

wwwflapw.de

-h 4 4 THE EXASCALE @ ) JULICH
TRANSITION I eur Slide 12120 J Forschungszentrum



FINITE DISPLACEMENT METHOD

Phonons

= Born—Oppenheimer energy relates to total energy of ab-initio calculation
= Finite Displacement Method: Finding the Force-Constant Matrix (FCM)

a2
EBO( EBO+ Z Z WURN,BUR'N’,B’ + ...
Rliﬁ R/w B Rkf3 Rk’

= Fourier transform of FCM — Dynamical Matrix (Complete lattice dynamics!)

2
L Z 8 EBO 1qR’
Kﬁ ® ﬁ 87'0,{5 aTR/ g
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FINITE DISPLACEMENT METHOD

Phonons

Born—Oppenheimer energy relates to total energy of ab-initio calculation
Finite Displacement Method: Finding the Force-Constant Matrix (FCM)

0%FE,
Ego(u) ‘E$3+ B0 cuprg
};;ﬁRZ/:ﬁ/ ()TRHJ) ()TR’H/,%/ KB KB

Fourier transform of FCM — Dynamical Matrix (Complete lattice dynamics!)

2
L Z a EBO 1qR’
Kﬁ ® B GTOHﬁ aTR/ g

Low Programming

Effort < Heavy
Calculation Effort ‘ Q ‘ @ ‘

(Supercells required)
= Requires exact forces
www.flapw.de
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DENSITY FUNCTIONAL PERTURBATION THEORY (DFPT)

Application to phonons

Dynamical Matrix from 2nd variation of DFT total energy
Et(OQt)(q> = /d?’Tp(l)(T',q Ve()itt 7' q /dsrp ext ’I“ Q) + EI(I )( )

= Q}(9)Dsa(9)Qu(a) +c.C.

DRIVING www.flapw.de ‘
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http://www.tf.uni-kiel.de/matwis/amat/mw2_ge/index.html
http://www.tf.uni-kiel.de/matwis/amat/mw2_ge/index.html

DENSITY FUNCTIONAL PERTURBATION THEORY (DFPT)

Application to phonons

Dynamical Matrix from 2nd variation of DFT total energy
Eg(9) /d?’?"p 7, @) Ve (7, 9) /d37“ﬂ Vi (1, @) + E” (@)

= Q}(9)Dsa(0)Qu(q) +c.c.

DFPT for varied quantities

Variational ansatz — Intrinsic robustness
Exploits lattice periodicity — One unit cell
One unit cell — Equal complexity for any g
Only standard DFT output (wavefunctions,
energies) required

Similarities to DFT algorithm o _
http://www.tf.uni-kiel.de/matwis/amat/mw2_ge/
S. Y. Savrasov, Phys. Rev. B 54, 16470 (1996). | S. Baroni, Rev. Mod. Phys. 73, 515 (2001). ~ index.html

wwwflapw.de
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http://www.tf.uni-kiel.de/matwis/amat/mw2_ge/index.html

RESPONSE FUNCTIONS

Accessable by DFPT

Response functions are connected to first- or higher-order derivatives
of the ground-state total energy

wwwflapw.de

DRIVING . ‘ .o
M X B leur #) JULICH



RESPONSE FUNCTIONS

Accessable by DFPT

Response functions are connected to first- or higher-order derivatives
of the ground-state total energy

= Suitable perturbations for DFPT m DFPT gives access to

= Phonons = Dielectric / piezoelectric properties
= mechanical deformations = Phonons / elastic properties
= electric fields = Superconductivity
= magnetic fields = Thermodynamic quantities
n ..
7 400
o 300 ] i
.g %:}."M:&t P N .
‘E’ 200 | = ::?\sﬁﬁ: i
o
2
RIS e
P
0 bare Pt Pt nanoparticle
r K X r L X W L DOS ingioed
Giannozzi et al. Phys. Rev. Lett., 58, 1861-1864, (1987) https://www.esrf.eu/news/general-old/general-2010/platinum
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DENSITY FUNCTIONAL PERTURBATION THEORY

General Justification
= Ground state density of effective Kohn—Sham
system corresponds to ground state density of
interacting system

= Valid for any external potential either
unperturbed or perturbed:

H=H + <V;ext - V;e(x0t)>
= Variations of quantities that are functionals of
the density can be determined with the DFT

method and the Kohn—Sham system by
choosing the respective external potential

Perturbations of real systems can be exam- q il i
ined by applying perturbation theory to the htps:/ieraingallery.org
Kohn-Sham Hamiltonian

wwwflapw.de
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RAYLEIGH-SCHRODINGER PERTURBATION THEORY

Relevant for DFPT
= Perturbation with strenght A small enough so that

=S a0y, gy = LI
=0

dA?

A=0
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RAYLEIGH-SCHRODINGER PERTURBATION THEORY

Relevant for DFPT
= Perturbation with strenght A small enough so that

=S a0y, gy = LI
=0

dA?

A=0
= A perturbed Hamiltonian fulfills the Schrodinger equation

o] k
HA)=HO 4 Ve (N), Y A (Z(%@ — V) |w<’“‘>>) =0
k=0

=0

wwwflapw.de
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RAYLEIGH-SCHRODINGER PERTURBATION THEORY

Relevant for DFPT

= Perturbation with strenght A small enough so that
oo

N oy = SN
=2 X0, U0 =40

A=0
= A perturbed Hamiltonian fulfills the Schrodinger equation

HON) = 70 1PN ZA’“(Z( e >):0

1=0

= |In 1st order, the Sternheimer equation turns out "
’H

(0 i) (- o) - oy LD

= Hellmann-Feynman theorem consistent with 1st order energy
)|V
4l
o)

([ _ e / Brp©* 7 g0 _ <g,<o> %i{ @<0>> _ <¢

B3N o\
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DENSITY FUNCTIONAL PERTURBATION THEORY

Linear response and 2n + 1 theorem
» Let V5, (r) be a general external potential with L = {); : i € [1, p]} minimizing
B = Flob] + [ @rpb(rVi(r)

wwwflapw.de
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DENSITY FUNCTIONAL PERTURBATION THEORY

Linear response and 2n + 1 theorem
» Let V5, (r) be a general external potential with L = {); : i € [1, p]} minimizing
B = Flob] + [ @rpb(rVi(r)

= Direct dependency of the external potential and implicit dependency of the
ground-state denS|ty on \leads to

L L
8E /dgT 6E apo( >+/d3rp'5(r)ave>(t

O, 6p0( SEEY 5y

82E'6 3 2Veth( ) 3 8,00( >8Vel;<t( )
XN, /d”’o OX,0), +/dr 0N, A

= 2nd derivative of total energy <« Linear derivative of electronic density
= 1st derivative of total energy <+ No derivative of electronic density

wwwflapw.de
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DENSITY FUNCTIONAL PERTURBATION THEORY

Linear response and 2n + 1 theorem
» Let V5, (r) be a general external potential with L = {); : i € [1, p]} minimizing
B = Flob] + [ @rpb(rVi(r)

= Direct dependency of the external potential and implicit dependency of the
ground-state denS|ty on \leads to

L L
aE /d37“ 6E 8/)0( >_|_/d3,r,p|6(,r,)a‘/ext

O, 6p0( SEEY 5y

82E'6 3 2Veth( ) 3 8,00( >8Vel;<t( )
XN, /d”’o OX,0), +/dr 0N, A

= 2nd derivative of total energy <« Linear derivative of electronic density
= 1st derivative of total energy <+ No derivative of electronic density

[ In general: 2n + 1th deriv. of total energy <+ nth deriv. of electronic density ]

wwwflapw.de
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DENSITY FUNCTIONAL PERTURBATION THEORY

Variational character

= Sternheimer equation from minimizing E. with respect to #1) and given #(1) | w(©)

EY [{w0}; {w0}] = ZC:<<%<O)‘(T + Vo) |E”) + (2|9 = )]V
=1

m§°>>)

+ <!pl(0) ‘ (T —"_ Vext) <1)

) + (BT + Ver) "

()

1 0% Eyixe [/7(0)]
- d3r d3+/ (1) (1) (oo
EF Kt v R
ldQEch [P(O)}

d aEch [p(O)]
Br——"=r I (1) (ge?
+/ "IN 00 () PV + 53—
A=0 A=0

wwwflapw.de
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DENSITY FUNCTIONAL PERTURBATION THEORY

Variational character

= Sternheimer equation from minimizing E. with respect to #1) and given #(1) | w(©)

B [{0f {0}] = 30 ()7 + V) o) + (0]~ )
=1

m§°>>)

HEO)T 4 Vo) V) + (2| 4 Vo)

(0)
1 3 1347 azEHXC['O } (1) (1) (0

—I—/d?’rdaEHXC [p(O)} ldQEch [IO(O)}

() (g
> ooy | P e
A=0 A=0

= lst-order variation of the wavefunction is variational!
= Variational solutions only on average equal to pointwise solutions of real system
= Small errors are damped in DFPT due to variational formulation

wwwflapw.de

DRIVING . ‘ "%
M X B leur #) JULICH



ALL-ELECTRON FLAPW & DFPT

Challenges

= Core-electron wave functions: Exact solutions of radial Schrédinger(Dirac) equation
= Full external 1 / r potential without approximations

= Valence-electron wave functions: Variational (Kohn—Sham), LAPW basis set

1

ik +G)r
\/NQ ’

lmp |T

wwwflapw.de
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relR

L= TaRw | e MT(a, R)
T(‘zR'w|
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ALL-ELECTRON FLAPW & DFPT

Challenges

= Core-electron wave functions: Exact solutions of radial Schrédinger(Dirac) equation
= Full external 1 / r potential without approximations

= Valence-electron wave functions: Variational (Kohn—Sham), LAPW basis set
1 i(k+G)
———=elktC)r, €IR
(0)w N‘Qe "
PG (r) = T—T.R e
ﬁrﬁﬁucu?pR< raRwl) Yo ﬁ , TE€MT(o, R) L
lmp aRw

= Variation of valence-electron wavefunctions not fully covered by LAPW Hilbert space

nk Z Z( (nk; k, @) @kol?c o(r) + Zg)(TLkZN>§9;€1lI:7G(T)) kal)c( r)=w, - [i(k'+G)— V]gagco/)c(r) [r € MT(a, R)]
K=tq G

P. Pulay, Mol. Phys., 17, 197 (1969).
D. A. Kluppelberg, Key Technologies (Schriften des Forschungszentrums Jiilich), 119, PhD Thesis (2015).
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ALL-ELECTRON FLAPW & DFPT

Challenges

= Core-electron wave functions: Exact solutions of radial Schrédinger(Dirac) equation
= Full external 1 / r potential without approximations

= Valence-electron wave functions: Variational (Kohn—Sham), LAPW basis set
1 i(k+G)
——el(k+GIr €IR
(0)w N‘Qe "
PG (r) = T —T.R (
?rﬁ:’:ucu?pR< raRw|) Ylm VTQ’LW , TE MT(O{vR) -
lmp aRw

= Variation of valence-electron wavefunctions not fully covered by LAPW Hilbert space

nk Z Z( (nk; K, ) Wkol?c(}(")Jr 2 (nk; k)" o (r ) kal)c( r)=w, - [i(k'+G)— V]gagco/)c(r) [r € MT(, R)]
K=1q G
= Emergence of additional terms complicating DFPT formalism
— Pulay terms account for discrepancy between exact and variational wavefunctions
— Surface terms correct discontinuities between interstitial and muffin-tin regions

P. Pulay, Mol. Phys., 17, 197 (1969).
D. A. Kluppelberg, Key Technologies (Schriften des Forschungszentrums Jillich), 119, PhD Thesis (2015).
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FIRST VARIATION OF THE DENSITY

All-electron FLAPW & DFPT

= Let's focus on
E (q) = / drp (r g Ve (r.q) + /d3rp<°><r>v§3 (r,q) + B (q)

R. M. Sternheimer, Phys. Rev., 96, 951 (1954).
www.flapw.de
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FIRST VARIATION OF THE DENSITY

All-electron FLAPW & DFPT
= Let’s focus on
2 0 2 2
EG@ = [@r Vi g + [Er /0 mVE g + B @)
= Variation of the Schrédinger equation results in Sternheimer equation
(a0 — k[Pl ) 2 (ks 0 ) = ;(wxﬂq Vet |,
7<1Pi5l“:)_7 */H-u o ,ty‘l J/I«K,Ju>\v7 <l[/l\ tq,p o ,t“I ‘I'L:%,, +>

i 0)* 0) 0)
— Y e }4 vy, 700 — k] _wias .
R OMT(av, R) SF

7,

1

= LAPW basis entails additional Pulay and surface terms

R. M. Sternheimer, Phys. Rev., 96, 951 (1954).
www.flapw.de
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FIRST VARIATION OF THE DENSITY

All-electron FLAPW & DFPT
= Let's focus on
ER @ = [atrs @V + [0 V0 + B @

= Variation of the Schrédinger equation results in Sternheimer equation

Z<w’(€0iq P‘}[O —&n k‘gll(co;t)q m>v (Wll)(nk; @ il]) = Z<Wl(cczq P"/;Eff ai‘w o) >
G

m

(1)aF (0) |,7,(0) (0) (Dax
*<Wkiq,p’%o - En,k’Wk n> - <Wkiq,p“7{0 ’Wk >V
igR ! a, (0) 0) ~
Z(\L ! % l///\ \fll \‘7(“ - /r.kiJSF(//k’,u ds .

R JYOMT(a,R)

= LAPW basis entails additional Pulay and surface terms

R. M. Sternheimer, Phys. Rev., 96, 951 (1954).
www.flapw.de
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FIRST VARIATION OF THE DENSITY

All-electron FLAPW & DFPT
= Let's focus on
EG@ = [@r Vi g + [Er /0 mVE g + B @)

= Variation of the Schrédinger equation results in Sternheimer equation

Z <¢/I(coiq p‘j{O - En k

m

(0) (1) . _ (0) +|,7,(0)
!I/kiq m>VZm (nk,aiq) - _Z<WkiQP‘V;3ff ° ‘W >
G

(DaF (o=t
(B0 — i) — (B, [0 ki),
+iqR (0)= 0)
-2 jl{ ‘I’kiqp[ﬂo—gn,k] T dS
R OMT(,R) SF

= LAPW basis entails additional Pulay and surface terms
= Self-consistent solution of Sternheimer equation — 1st-order electron density

o =325 (2 ) (Qla) 3 +) + QL(a) - B (r—g))

ank

R. M. Sternheimer, Phys. Rev., 96, 951 (1954).
www.flapw.de
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STERNHEIMER SELF-CONSISTENCY CYCLE

Dynamic handling of electron screening

DONE!
A

Yes

No p(l)a:l:(r

converged?

szj(:};),oéi p(l)azl:(r) s Vé;f)ai(r)
A
|
1ot
Vi) .
Vq

_ 1 | DRIVING www.flapw.de ‘ .
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FULL FIRST VARIATION OF THE DENSITY

Silicon Carbide

p(rq) =200 (25 ) (@U@ - B +a) + Qha) - #3 (r,—q))

ank

https://upload.wikimedia.org/wikipedia/com-
mons/4/45/Zincblende_structure.png,
(visited 24th March 2019)

Displaced atom «: Silicon Displaced atom «: Carbon

wwwflapw.de
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MATRIX WEINERT METHOD

2nd-order external potential
= Goal: Solve Poisson equation
A(VV V) x VVp

wwwflapw.de
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MATRIX WEINERT METHOD

2nd-order external potential
= Goal: Solve Poisson equation
A(VV V) x VVp
= Analogous multipole moments

. n l
G = ErY;, (@) — 7, VVTo(r)
MT,,

= Correct interstitial potential from /

NN

s

S

4w )

(2 .

Vi )<,,,) 2 : o SlGT
G#0

wwwflapw.de
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MATRIX WEINERT METHOD

2nd-order external potential
= Goal: Solve Poisson equation
A(VV V) x VVp
= Analogous multipole moments

. n l
G = ErY;, (@) — 7, VVTo(r)
MT,,

= Correct interstitial potential from /

NN

@ 4m iG-r
VIR&)(T) _ Z o oG T T )

Ta s
G+0

RMTS

= Muffin-tin potential V;o\*) (r,, + 7,,) from boundary-value problem using interstitial
potential Vlfg<2) (r) on MT boundary and derivative of real density VV T p

wwwflapw.de
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MATRIX WEINERT METHOD

2nd-order external potential
= Goal: Solve Poisson equation
A(VV V) x VVp
= Analogous multipole moments

. n l
G = ErY;, (@) — 7, VVTo(r)
MT,,

= Correct interstitial potential from /

NN

@ 4m iG-r
VIR&)(T) _ Z o oG T T )

G#0

= Muffin-tin potential V;o\*) (r,, + 7,,) from boundary-value problem using interstitial

potential Vlfg<2) (r) on MT boundary and derivative of real density VV T p

= External potential variations do not require self-consistent density variations

wwwflapw.de
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SECOND-ORDER ION-ION INTERACTION

Weinert Again

= lon—ion interaction similar form to the
electron—ion interaction ‘

Egl(a) = /d37“ oV, Vil (7, q) ..“.‘
© ’ exi )
e,0,

0 e

+ / Brp (1) (@) + £, ()

= Suggesting, e.g., Weinert method

wwwflapw.de
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SECOND-ORDER ION-ION INTERACTION

Weinert Again

= lon—ion interaction similar form to the

electron—ion interaction
2 1
EG(@ = [ (r. Vi ra) o
T8 o
+ [ v + £ ) .

= Suggesting, e.g., Weinert method
= Second-order ion—ion interaction can be rewritten to ({(q) = 1 or 2)

=2 €@@a) 3 (1= V.V

R#0,
ifa=p

T*B‘ (g) +c.c.

To

= Weinert method — interstitial and muffin-tin representation of matrix expression

D. A. Kluppelberg, Key Technologies (Schriften des Forschungszentrums Jilich), 119, PhD Thesis (2015).

wwwflapw.de
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DENSITY FUNCTIONAL PERTURBATION THEORY

Beyond Hellmann-Feynman: Total Energy

= Calculation of Dynamical Matrix requires 2nd-order variation of total energy
= So far we discussed the basic Hellmann—Feynman contribution

2 1 1 0 2 2
EG(@ = [@r @V g+ [@r /0 mVi g + B @)

= Q}(a)Ds.(@)Q,(q) +c.C.

wwwflapw.de
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DENSITY FUNCTIONAL PERTURBATION THEORY

Beyond Hellmann-Feynman: Total Energy

= Calculation of Dynamical Matrix requires 2nd-order variation of total energy
= So far we discussed the basic Hellmann—Feynman contribution

2 1 1 0 2 2
EG(@ = [@r @V g+ [@r /0 mVi g + B @)

= Ql(@)Ds,(9)Q.(q) + c.c.
= LAPW basis — terms beyond basic naive contribution

+ EZ) by + B

tot, Pulay tot, surface

2 2
R = £

tot, basic

= Efo? basic. Naive contribution

= Etft? pulay: CoITeCts deviations of the variational wave functions represented in the finite

LAPW basis from the exact pointwise solutions of the Schrédinger equation

= Etﬁ? surface- CoOrrects small discontinuities at the muffin-tin sphere boundary, caused by

displacive perturbations

wwwflapw.de
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VALENCE PULAY CONTRIBUTIONS

Dynamical Matrix & All-Electron FLAPW

= Pulay terms also occur in second variation of total energy
By = [ @rol IO LGRS
+<“77(10k)’}[0 nk’W 2)> <W(2 ‘7(0 k|wr(3<:)>j|
= Phonon with wavevector q shifts Bloch character of varied wavefunctions

(1) 1 0 0 1
D= 3 S| ks )6 + 2 (ks )6

II/HIJ>

k=4+q G
v = S Y G k)6 o+ 2 (ks R)O L + 2 (ks K)O . o
k=0,+2q G

D. A. Kliippelberg, Key Technologies (Schriften des Forschungszentrums Jiilich), 119, PhD Thesis (2015).

wwwflapw.de
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VALENCE PULAY CONTRIBUTIONS

Dynamical Matrix & All-Electron FLAPW

= Pulay terms also occur in second variation of total energy
2),tot g O) [V
EI(DU)Iay :/ d37“,0 + Z fnk [ < nk “7{0 - 6nk|y7nk>
+ <y77(10k)"7{0 - 6nk’lj/;zd/‘c> + <ljlnk ‘ 0 65’?]2|w'r(LOk3>i|

= Phonon with wavevector q shifts Bloch character of varied wavefunctions

nlc = Z Z{ZG (nk; K’)st—s—nG + ZG (nk; “)¢k+n G}

k=4+q G
= Z Z [z(c) (nk; "@)%m gt Z(G) (nk; ”)¢k+n gt Z<O) (nk; H)Qﬁfln,c}
k=0,4+2q G

D. A. Kliippelberg, Key Technologies (Schriften des Forschungszentrums Jiilich), 119, PhD Thesis (2015).

wwwflapw.de
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CORE PULAY AND SURFACE CONTRIBUTIONS

Dynamical Matrix & All-Electron FLAPW
= All-Electron — core-electron terms variation
3 [0t o) + (0t =) + (0= i)

:_QL/di"rvvnfph Zvan )Q, +C.C.
9]

D. A. Kluppelberg, Key Technologies (Schriften des Forschungszentrums Jilich), 119, PhD Thesis (2015).

wwwflapw.de
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CORE PULAY AND SURFACE CONTRIBUTIONS

Dynamical Matrix & All-Electron FLAPW
= All-Electron — core-electron terms variation
2 — o)+ o — 202+ (047, - )]
- _Qg/di"rvvnfph Zvan )Qq +C.C.
Q

= Total energy contains discontinuities at muffin-tin surfaces
= Variation generates surface terms

a, af(r) af(r) i
Ef(’") = [Zﬁ(d?’r dr +/ d*r d ] +7§MT(dS[fMT(T)—f|R(7'>]er

5 JIR(B) a MT(e o a)

D. A. Kluppelberg, Key Technologies (Schriften des Forschungszentrums Jilich), 119, PhD Thesis (2015).

wwwflapw.de
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SUMMARY

Forces & DFPT

m Forces

Derivative of DFT total energy

FLAPW method leads to additional terms (Core, Pulay, Surface)

Forces for geometry optimization

Dynamical matrix (force-constant matrix) for phonons but inefficient

= DFPT

Powerful tool for ab-initio calculation of response functions

Dynamical matrix relates to second-order variation of total energy

Second-order variation of total energy contains response functions accessable by DFPT
FLAPW method makes DFPT more challenging

wwwflapw.de
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Thank you for your attention!
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