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Many-Body Perturbation Theory
The " approximation

C. Friedrich

Peter Grunberg Institut and Institute for Advanced Simulation,
Forschungszentrum Julich, 52425 Jilich, Germany
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SPEX

Hybrids (PBEO, HSE)  OEP (EXX)

RPA total energy

QS!"
Dielectric function
| SOC" SOC GW
Bethe-Salpeter eq.
(magnons)
Hubbard $

(LDA+$, DMFT)
I# self-energy
Wannier functions coOHSEX

(interpolation) Hartree-Fock



DRIVING ‘ x
!u#$n%# & -%EN%?%CNALE J :!rslcjhulr:gslzgrﬂ

- ()$+,-)%%(

JH#*$0
. Green function
. Feynman diagrams
1" approximation

123#1#()4) %0 (
Basis sets (FLAPW method) diow
Exchange: Hartree-Fock

. Correlation: Imaginary-frequency formulation Poles of G
. Analytic continuation vs. contour integration \ _______
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. Silicon
 Zinc Oxide
. Metallic Na
. HgTe
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. One-Shot I"
. Full band structure
. Self-consistent QS!"

Energy (eV)
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Exchange and correlation potential
Approximations: <:5=8>>5

real p(® "  %lp]
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Theoretical band gap (eV)
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Exchange and correlation potential
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Experimental band gap (eV)
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_%Vi + Vext(T) + vH(T) | Prk(T) +|Vxc |0 (1) Onk(r) |= €nkPni(T)

Exchange and correlation potential
Approximations: <:5=8>>5

E4A(0 @*+089-/$G+%(H#$8#C,4)%*(D

1 s 1 1
_5 ;vrz + ;Uext(ri) + 5 ; r,—r, \I!n(rl,rg, ) = En\Iln(rl, ro, )
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Central quantity is the single-particle Green function
(probability amplitude for the propagation of a particle) p

G(r,x'st —t') = —i(U | T[(x, )T (o', )] [T

which contains poles at the excitation energies of the
many-electron system (photoelectron spectroscopy),

seen by Fourier transformation ¢ — ¢/ — w

S @) B e 1)
) = 2 T B rin o (B - B )~

inverse direct

Excitation energy measured in photoemission spectroscopy
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I#0(14(8+%4H$416

O#3;@(#$HO: sum over all
scattering diagrams
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G=Gy+ G 0+ Go2rGo2rGo + GoXGo2XGo2xGo + ...

2 is the electronic self-energy (scattering potential).
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G=Gyg+ G

2 is the electronic self-energy (scattering potential).

The Dyson equation can be rewritten as the quasiparticle equation

. complex energy contains
—§V2 + Vexs (r / Fy— d3 ' « excitation energies (real part)
« excitation lifetimes (imaginary part)

/ /

() 4 / (e, 1'; Bn)n ()83 = Byt (r)
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strong weak K 0
electron quasiparticle N

interaction &

Interaction 4388+
7*,3*1F8

[*3#

Expansion up to linear order

in Coulomb interaction & —> 3"F=( ,& (Hartree-Fock)

in screened interaction™ —> 3 =( . (I" approximation)
0

The "' approximation contains electron exchange and a large part of
electron correlation. :
EGW(r, r';7) =iGo(r,r’; )W (r,r'; 7+ 1)
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@( %(X))rB
vA,NP + +
r VA, rB r)
Wh,r'B + = * /Quasiparticle

W x) = ofe) 5 ol e 1) d's"
| |
!
W=v+vPv+vPvPv+vPvPvPv+ ... =v+vPW

= Pv+ PvPv+ PVPVPV+ ...

Y =1GW =1Gv + 1GvoPv + 1GuvPvPv + ...
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1 = (I‘l,O'l,tl), 2=...

Lars Hedin, 1965

[(12;3) = 6(12)8(13) //// (12) G YT(67; 3)G(74) d4 db d6 d7

5G(45)
P(12) = / / G(41) d3 d4

W(12) = v(12) / / 13)P(34)W (42) d3 d4
»(12) —z// (13)W (174)'(32; 4) d3 d4 |
G(12 GO 12 // GO 13 (34)G(42) d3 d4 P P—cor 1“

" approximation corresponds to the 15t iteration starting from =0:

I'(12;3) = 6(12)6(13)
P(12) = —iG(12)G(21) (random-phase approximation)
»(12) = iG(12)W(172)
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Dyson equation " quasiparticle equations: true excitation
) energies
" ho(r)yg, (r) + / S (r, 1 B W, (1) dPr' = BE,ug, (r)
DFT: iLO(I')QOEn (I‘) + U?C(I‘)gpin(r) — Eﬁngpin(r)

energies of a
fictitious system

Similarity motivates the use of perturbation theory

Bt = € + (P1nl 25" (Bign) — v3° 10K direct

S(E) = 2(e) + X' ()(E — ¢)

linearized
El(:'n, — ef‘(n + Zﬁn<@ﬁn|zg;w(€la(n) o ,U§C|901(Zn> solution

o G -
enomalelon 2, = (1= (o 2™ (¢l en)
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Dyson equation " quasiparticle equations: true excitation

energies

v ho(e)eg () + / SOV (¢,1/; B )0 ()8 = B (r)
DFT: iLO(I')QOEn(I‘) + vﬁc(r)gpﬁn(r) — Ei‘(ngpﬁn(r)

energies of a

/.’T\> fictitious system
$

Basis set for wavefunctions Basis set for wavefunction products
_ I
Pkn (I’) — Z Ckn Ck# (I’) Spl*(n( )SOk’ Z Clik’nn gkk’l/( )
7
Gaussians Auxiliary Gaussian set (denS|ty fitting)
Plane waves (Pseudopotential) Plane waves
PAW Plane waves
LMTO Product basis

LAPW Mixed product basis
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|<GLM81#)/*+

Interstitial region: ~
interstitial plane

waves
6i(k—|—G)r

(=
()

O

(=
()

O

@_6/

(=

cutoff |k + G| < Gmax

SPEX

Muffin-tin (MT) spheres:
numerical MT functions

iy (1) Vi (8)
cutoff | < [ ax

In our I'"" implementation we use the mixed product basis, generated from

the products of (1) interstitial plane waves (cutoff !)
ei(k+G)rei(k’+G')r _

and (2) MT functions (cutoff *) )

iy (r)urry (1) Yio (8) Vi

T. Kotani and M. van Schilfgaarde,
Solid State Commun. 121, 461 (2002).

max)

6i(k+k’+G.+G’ r

"’ Glmax: ZGmax

w(B)

up to I+l)

I —_
| max™— 2|max
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Grax = 3.6 bohr=!

exact G
converged G’

spex.inp: keyword “GCUT".

lmax —
/
converged lmax

spex.inp: keyword “LCUT".

Iysy = I'isc (€V)

;na,x — ZGmaX
max ~ 0.75 Gmax

2

s, = 5. (€V)

~ 0.63 [ max

322

32

3.18

3.16 |

3.14

312

3.24
322
32
3.18
3.16
3.14
3.12
31 1
3.08

3.06
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1.28

1 1.26

1 1.22
1 1.2
1 L18

1 1.24

F25’V - I“15(: V)

1 L.16
1 1.14

3

max

35

(bohr—!

4.5

1.12

1 1.28
T 1.26
1 1.24
1 1.22
1 1.2

1 1.18
1 1.16
1 L.14
1 1.12

sy = X (€V)

1 L.1
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The self-energy can be decomposed into an exchange and a correlation term:

//

YEW (W) = iGoW = iGov + iGo(W — — ¥%(w)
The exchange contribution is given analytically by the Hartree-Fock expression
SX(r, 1y —n) = iG(rt,x't + n)o(r,r') = — (O[Tt + 1) (xt) [ L )o(r, v)

Density matrix
n(r,r') =37 on(r)en(r)

OcCC.

(Pm |2 om’) Z// o (r)pn(r)u(r 71-’)(’0:(1-/)90”%,(1'/) dr d>r’

\ 2 1=) ;|Mp) (M|
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002 The quantities (e.g. the polarization

function , ) are much smoother along the
imaginary frequency axis than along the
real axis.

-0.03
-0.04

-0.05

-0.06 | i
spex.inp: keyword “MESH”.

-0.07 ¢ | spex.inp: keyword “HILBERT".
008 0 0.5 1 15 2
io[a.u]
\ // 0.04
Poles of , 0.02 |
0
5 002¢
a

-0.04

-0.06 |

-0.08 |

-0.1 - ' : - ' : :
0 02 04 06 0.8 1 1.2 14
o [a.u]
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Y(w) = a /OO Go(w + 0" )W(w)dw’

2m J_
Analytic Continuation Contour integration
1 [ '
H(iw) = ‘%/ Goliow + i)W (i)’ E(w) = / }Gf)(w + W)W (W) de!
—00 T
t I t I
spex.inp: keyword “CONTINUE”. spex.inp: keyword “CONTOUR”.
Poles of ! N Poles of !
> /‘ — g
/ @ Poles of " @
Poles of "
. Easy to implement . Accurate evaluation of 2°

. Fast computation . More parameters necessary

. Analytic continuation critical . Takes more time
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Energy (eV)

5223%-4)%*(6
K,3P89%3%-*(

\Z

eXp

dxa

DFT

(L]
-?EQ'ENXGASCALE g ' JULICH
TRANSIT\ON Forschungszentrum

» Si was the first material to which I was
applied (Hybertsen, Louie 1985; Godby,
Schluter, Sham 1986).

* The one-shot !"  calculation yields more
L accurate band gaps:
DFT I" exp.

direct: 253 3.20 3.40 eV
indirect: 0.47 1.04 1.17 eV

* Quasiparticle self-consistent I'*  (QS!" )
tends to overestimate the gaps:

QS!"
direct: 3.60 eV
indirect: 1.34 eV

QS!" :S. V. Faleev, M. van
L Schilfgaarde, and T. Kotani,
Phys. Rev. Lett. 93, 126406 (2004).
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Scattering into unoccupied states

spex.inp: keyword “NBAND”.
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<4$H#86-4))#$8*;8FA(@428"43,#68;$* 180ne-shot GW -43-,34)%*(68A#N2DSQR B!

2.44 eV (FLAPW) [M. Usuda -.'/*0, Phys. Rev. B UU 125101 (2002)]
212 eV (PAW) [M. Shishkin and G. Kresse, PRB VW235102 (2007)
2.14 eV (PAW) [F. Fuchs -.'/*0, Phys. Rev. B VU 115109 (2007)]
26eV (PW-PP) [P. Gori -.'/*0, Phys. Rev. B XY, 125207 (2010)]
3.4eV (PW-PP) [B.-C. Shih -.'/*0, Phys. Rev. Lett. YZW146401 (2010)]
2.83 eV (FLAPW) [C. Friedrich -.'/*0, Phys. Rev. B XQ 081101 (2011)]
Friedrich -.'/*0, PRB 83, 801101 | A Shih -.'/*0, PRL 105, 146401 80 Ay
3 { 1 occupied - ' ' ' i yeememm————1| 60 Ry
— | f————— R s 40 Ry
08 I T 34f i
26 | gxgxg\sxax ! o
| SX5x5 P
2.4 1 i;’}% with LOs (é °r P — . 310 Ry
Ay without LOs X @ v .
22471 fit 281 | false convergence in the case of -
i shifted fit -~ " underconverged "
2 fegox— - 26}
i «—— “standard™: 200 bands
e 500 1000 1500 2000 2500 3000 e 500 1000 1500 2000 2500 3000

Number of bands Number of Conduction Bands in Coulomb Hole Calculation
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semiconductor

7
i

The polarization function is sum over virtual transitions in
the non-interacting reference system.

OoCC unocc 1
Pry(k,w) 77 y <w+€3n€ﬁ+qn/+in_'">

oq n
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semiconductor

The polarization function is sum over virtual transitions in
the non-interacting reference system.

41% occ unoce 1

P k T eee
I | IJ w ZZ Y <w+€gn€ﬁ+qn’+in )
i !

<
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metal

The polarization function is sum over virtual transitions in
the non-interacting reference system.

y

AgF

L— PIJ k w y%iug)gc 1 -
P w+egn—eﬁ+qn,+m

e
<
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metal

The polarization function is sum over virtual transitions in
the non-interacting reference system.

7T,

'/ OCC unocc 1
B 3 3 S e o )

oq n €k+qn’ + [,
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metal

The polarization function is sum over virtual transitions in
the non-interacting reference system.

Per-dih

occ unocc 1
P[ka yyy <w+€gn p= ; —)

Virtual transitions of zero energy

just across the Fermi surface
produce the Drude term

2 2
k Wpl

AT w(w + in)

P}Ead(lg Z(U) ~
for 1" 0.
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. Vanishing of the density of states at the
Fermi energy in HF is exactly
compensated by the "' correlation
self-energy.

. I"  band width smaller than KS band
width due to increased effective
(quasiparticle) mass.

Energy (eV)
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Spin-orbit coupling (SOC) arises from the interaction of the electron spin with the
K field that is created in the rest frame of the electron due to its motion through

the material # coupling of spatial and spin degrees of freedom:

! "kn(r’#)"kn(r!’$)

(r.rt) = T % * &
kn
P(r,r’;1)=1 2| | Gr (r,r';! +19)Gy (ri,r;! Hd
L (r,r'; 1) = 2' | G (r,r 1 + 1 Hw(r,r':1)e# g !

F. Aryasetiawan, S. Biermann, PRL YZZ 116402 (2008).
R. Sakuma, C. Friedrich, T. Miyake, S. Blugel, F. Aryasetiawan, PRB XS 085144 (2011).
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LDA+SOC -1.16  0.74
" +SOC -0.59 0.74
| SOC" soC -0.60 0.83
QS!" +SOC -043 0.75
QS! Soc SOC -0.46 0.93
Experiment -0.30 0.91

calculations with semicores

Hg 52 and Te 43
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(yQ) AO

LDA+SOC -1.16  0.74

" +SOC -0.59 0.74

| SOC" SOC -0.60 0.83

. . QS!" +SOC -043 0.75
spin-orbit

splitting A QS! soct sSoc -0.46 0.93

Experiment -0.30 0.91

calculations with semicores
Hg 52 and Te 43
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(yQ) AO

LDA+SOC -1.16  0.74

" +SOC -0.59 0.74

| SOC" SOC -0.60 0.83

. . QS!" +SOC -043 0.75
spin-orbit

splitting A QS! soct sSoc -0.46 0.93

Experiment -0.30 0.91

calculations with semicores
Hg 52 and Te 43
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100

80

60

Energy (eV)
Energy (eV)

40

20

Renormalization due to
formation of electron-hole pairs Plasmaron bands
(density fluctuations) (electrons+plasmons)
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# @*)8 GW

FLEUR: Self-consistent field calculation
" Density, Exchange-correlation potential

- SPEX: Generate special equidistant k-point set Kk : K+kK' 1B
P, P\ P+P], and Z must be elements /\ <

L

FLEUR: Diagonalize Hamiltonian on new k points (non iterative) =
" Kohn-Sham energies and wavefunctions %

« SPEX:!" calculation ;)
" Quasiparticle energies spex.inp: JOB GW X:(1-4,6) B

o o ® P-point set
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«  FLEUR: Self-consistent field calculation

Density, Exchange-correlation potential

- SPEX: Define g-point path  spex.inp: KPTPATH (L,G.X)

G

Loop over C (high-symmetry line in Brillouin zone)

SPEX: Generate two sets of equidistant k-points
" {P}, {P+C}

FLEUR: Diagonalize Hamiltonian on new k points (non iterative)
" Kohn-Sham energies and wavefunctions

SPEX: " calculation ("' has to be calculated only once)

" Quasiparticle energies at C
spex.inp: keyword “RESTART".

shifted P-point set

° ° P-point set

JULICH
Forschungszentrum
©
-
qv)
O
X
(b
O
w
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MA((Y6HS Y% ()#$2*34)%*(

FLEUR: Self-consistent field calculation
" Density, Exchange-correlation potential

«  SPEX: Generate special equidistant k-point set
P, P\ P+P], and Z must be elements

FLEUR: Diagonalize Hamiltonian on new k points (non iterative)
" Kohn-Sham energies and wavefunctions

« SPEX:!" calculation
" Quasiparticle energies spex.inp: JOB GW IBZ:(1-4)

spex.inp: KPTPATH (L,G,X)

spex.inp: section “WANNIER”:

SECTION WANNIER
ORBITALS 1 4 (sp3)
MAXIMIZE
INTERPOL

END
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FLEUR: Self-consistent field calculation
" Density, Exchange-correlation potential

«  SPEX: Generate special equidistant k-point set
P, C, P+C, and Z must be elements

Start of iterations

« FLEUR: Diagonalize Hamiltonian on new k points (non iterative)
" Kohn-Sham energies and wavefunctions

« SPEX:!" calculation on all k points and many bands (costly)
" Quasiparticle energies and self-energy matrix

“spex.selfc”

« FLEUR: Self-consistent field calculation (with self-energy!)
" Density, Exchange-correlation potential

spex.inp: JOB GW FULL IBZ:(1-4)
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7*129%34)%*(84(+8'(6)4334)%*(

Configuration

% ./configure -- with -wan -- prefix=$HOME
generates the Makefile for the computer system
Compilation

% make

produces the three executables spex.inv, spex.noinv, and spex.extr;
the launcher script "spex" always calls the correct executable

Installation
% make install

installs executables and scripts into SHOME/bin

« The PATH environment variable should contain $HOME/bin
If not: % export PATH=$PATH:$HOME/bin
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. Excitation energies and lifetimes of the (4 +1) and (4 -1)-electron
system can be readily obtained from the one-particle Green function.
These excitation energies form the band structure in solids.

. The Green function obeys an integral Dyson equation which may be
rewritten as a quasiparticle equation with the self-energy as a
scattering potential that takes into account all exchange and
correlation effects beyond the Hartree potential.

. The ! approximation constitutes the expansion of the self-energy
up to linear order in the screened interaction "

. Itis usually implemented as a perturbative correction on a DFT band
structure. But a self-consistent solution (QS!" ) is possible, too.



