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Motivation

Ø The formalism of Wannier functions constitutes a very efficient and widely
applied electronic-structure method in order to study the bulk properties of
crystalline materials.

Ø Combining the automatic construction of these objects with public density
functional theory (DFT) programs made systematic studies of otherwise
hardly accessible solid-state effects in complex materials possible for a large
community of researchers.
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Bloch Functions 101

Ø We are interested in the bulk properties of crystalline materials within the
approximation of non-interacting electrons. Thus, the electronic
Hamiltonian assumes the form

Ø This is a sum of single-particle Hamiltonians. The solutions for each can be
obtained by solving the single-particle Schrödinger equation:

Ø If we can solve this equation (e.g., via DFT), we know everything about the
system; but it is often a highly non-trivial problem that is hard to solve even
on modern supercomputers.
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Bloch Functions 101

Ø Exploiting the translational invariance of the considered solid, we use periodic
boundary conditions to solve the differential equation. This leads to the
fundamental Bloch theorem:

Ø Here, the crystal momentum k can take only discrete values in the first
Brillouin zone. An equivalent formulation of the Bloch theorem is:

Ø Each of the so-called lattice period states ukn obeys the following modified
Schrödinger equation:
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Bloch Functions 101

Ø The lattice-periodic parts ukn are periodic in real space with respect to the unit
cell of the crystal. Therefore, we can set up the Fourier series

where G is a reciprocal lattice vector (i.e., k and k+G are equivalent):

Ø We can exploit this relation to prove the periodicity of the Bloch states in
momentum space:
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Introduction to Wannier Functions

Ø While Bloch functions are the eigenstates of the Hamiltonian for a given band
and a given crystal momentum, they are oscillating and delocalized in real
space.

Ø Often, orbitals that are localized in real space offer more microscopic insights
into the underlying chemical and physical processes.
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Introduction to WFs

Ø As the Bloch states are periodic in momentum space, we may express them
in terms of a Fourier series:

Ø The inverse of this series leads to so-called Wannier functions (WFs) that are
Fourier transformations of the original Bloch states:

Ø We will show later that these objects can become strongly localized in real
space – in contrast to the Bloch functions. Thus, they provide a
complementary perspective for many effects in solids.

Ø The WFs are not eigenstates of the single-particle Hamiltonian, but they are
still very useful…
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Introduction to WFs

Ø Similarly to the well-known Bloch functions, the set of the WFs forms an
orthogonal and complete basis.
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Bloch states:

Wannier functions:
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Introduction to WFs

Ø We may associate to a given Wannier orbital a center in real space:

Ø What is the role of the real-space vector R for the WFs?
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cf. electric polarization



Introduction to WFs
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<latexit sha1_base64="URd/g0yo/ZEZIvjH+GnzybNZkLU=">AAACKXicbVDLTgIxFO2gIuILdOmmkZAYF2TGkOjGhMSNSzTySJgJ6XQKNPQxth0MmfAdbnXt17hTt/6IHWCh4El6c3LuvbmnJ4wZ1cZ1P53cxuZWfruwU9zd2z84LJWP2lomCpMWlkyqbog0YVSQlqGGkW6sCOIhI51wfJP1OxOiNJXiwUxjEnA0FHRAMTJWCvyJgPfX89r3+qWKW3PngOvEW5IKWKLZLzt5P5I44UQYzJDWPc+NTZAiZShmZFb0E01ihMdoSHqWCsSJDtK56xmsWiWCA6nsEwbO1d8bKeJaT3loJzkyI73ay8T/er3EDK6ClIo4MUTgxaFBwqCRMIsARlQRbNjUEoQVtV4hHiGFsLFB/bkScvsHQZ6w5ByJ6Dy1Sc1S38pVWyWLMn+SzWxy3mpO66R9UfMsv6tXGvVlhgVwAk7BGfDAJWiAW9AELYDBI3gGL+DVeXPenQ/nazGac5Y7x+APnO8f6rimXg==</latexit><latexit sha1_base64="URd/g0yo/ZEZIvjH+GnzybNZkLU=">AAACKXicbVDLTgIxFO2gIuILdOmmkZAYF2TGkOjGhMSNSzTySJgJ6XQKNPQxth0MmfAdbnXt17hTt/6IHWCh4El6c3LuvbmnJ4wZ1cZ1P53cxuZWfruwU9zd2z84LJWP2lomCpMWlkyqbog0YVSQlqGGkW6sCOIhI51wfJP1OxOiNJXiwUxjEnA0FHRAMTJWCvyJgPfX89r3+qWKW3PngOvEW5IKWKLZLzt5P5I44UQYzJDWPc+NTZAiZShmZFb0E01ihMdoSHqWCsSJDtK56xmsWiWCA6nsEwbO1d8bKeJaT3loJzkyI73ay8T/er3EDK6ClIo4MUTgxaFBwqCRMIsARlQRbNjUEoQVtV4hHiGFsLFB/bkScvsHQZ6w5ByJ6Dy1Sc1S38pVWyWLMn+SzWxy3mpO66R9UfMsv6tXGvVlhgVwAk7BGfDAJWiAW9AELYDBI3gGL+DVeXPenQ/nazGac5Y7x+APnO8f6rimXg==</latexit><latexit sha1_base64="URd/g0yo/ZEZIvjH+GnzybNZkLU=">AAACKXicbVDLTgIxFO2gIuILdOmmkZAYF2TGkOjGhMSNSzTySJgJ6XQKNPQxth0MmfAdbnXt17hTt/6IHWCh4El6c3LuvbmnJ4wZ1cZ1P53cxuZWfruwU9zd2z84LJWP2lomCpMWlkyqbog0YVSQlqGGkW6sCOIhI51wfJP1OxOiNJXiwUxjEnA0FHRAMTJWCvyJgPfX89r3+qWKW3PngOvEW5IKWKLZLzt5P5I44UQYzJDWPc+NTZAiZShmZFb0E01ihMdoSHqWCsSJDtK56xmsWiWCA6nsEwbO1d8bKeJaT3loJzkyI73ay8T/er3EDK6ClIo4MUTgxaFBwqCRMIsARlQRbNjUEoQVtV4hHiGFsLFB/bkScvsHQZ6w5ByJ6Dy1Sc1S38pVWyWLMn+SzWxy3mpO66R9UfMsv6tXGvVlhgVwAk7BGfDAJWiAW9AELYDBI3gGL+DVeXPenQ/nazGac5Y7x+APnO8f6rimXg==</latexit><latexit sha1_base64="URd/g0yo/ZEZIvjH+GnzybNZkLU=">AAACKXicbVDLTgIxFO2gIuILdOmmkZAYF2TGkOjGhMSNSzTySJgJ6XQKNPQxth0MmfAdbnXt17hTt/6IHWCh4El6c3LuvbmnJ4wZ1cZ1P53cxuZWfruwU9zd2z84LJWP2lomCpMWlkyqbog0YVSQlqGGkW6sCOIhI51wfJP1OxOiNJXiwUxjEnA0FHRAMTJWCvyJgPfX89r3+qWKW3PngOvEW5IKWKLZLzt5P5I44UQYzJDWPc+NTZAiZShmZFb0E01ihMdoSHqWCsSJDtK56xmsWiWCA6nsEwbO1d8bKeJaT3loJzkyI73ay8T/er3EDK6ClIo4MUTgxaFBwqCRMIsARlQRbNjUEoQVtV4hHiGFsLFB/bkScvsHQZ6w5ByJ6Dy1Sc1S38pVWyWLMn+SzWxy3mpO66R9UfMsv6tXGvVlhgVwAk7BGfDAJWiAW9AELYDBI3gGL+DVeXPenQ/nazGac5Y7x+APnO8f6rimXg==</latexit>

R = R2
<latexit sha1_base64="Zk0WqJkxaZacFca3yrJqnNtgOFo=">AAACKXicbVDLTgIxFO2gIuILdOmmkZAYF2SGkOjGhMSNSzTySGBCOp0CDX2MbQdDJnyHW137Ne7UrT9iB1gIeJLenJx7b+7pCSJGtXHdLyeztb2T3c3t5fcPDo+OC8WTlpaxwqSJJZOqEyBNGBWkaahhpBMpgnjASDsY36b99oQoTaV4NNOI+BwNBR1QjIyV/N5EwIebee1X+4WSW3HngJvEW5ISWKLRLzrZXihxzIkwmCGtu54bGT9BylDMyCzfizWJEB6jIelaKhAn2k/mrmewbJUQDqSyTxg4V/9uJIhrPeWBneTIjPR6LxX/63VjM7j2Eyqi2BCBF4cGMYNGwjQCGFJFsGFTSxBW1HqFeIQUwsYGtXIl4PYPgjxjyTkS4WVik5olPSuXbZUsTP1JNrPJees5bZJWteJZfl8r1WvLDHPgDJyDC+CBK1AHd6ABmgCDJ/ACXsGb8+58OJ/O92I04yx3TsEKnJ9f7HGmXw==</latexit><latexit sha1_base64="Zk0WqJkxaZacFca3yrJqnNtgOFo=">AAACKXicbVDLTgIxFO2gIuILdOmmkZAYF2SGkOjGhMSNSzTySGBCOp0CDX2MbQdDJnyHW137Ne7UrT9iB1gIeJLenJx7b+7pCSJGtXHdLyeztb2T3c3t5fcPDo+OC8WTlpaxwqSJJZOqEyBNGBWkaahhpBMpgnjASDsY36b99oQoTaV4NNOI+BwNBR1QjIyV/N5EwIebee1X+4WSW3HngJvEW5ISWKLRLzrZXihxzIkwmCGtu54bGT9BylDMyCzfizWJEB6jIelaKhAn2k/mrmewbJUQDqSyTxg4V/9uJIhrPeWBneTIjPR6LxX/63VjM7j2Eyqi2BCBF4cGMYNGwjQCGFJFsGFTSxBW1HqFeIQUwsYGtXIl4PYPgjxjyTkS4WVik5olPSuXbZUsTP1JNrPJees5bZJWteJZfl8r1WvLDHPgDJyDC+CBK1AHd6ABmgCDJ/ACXsGb8+58OJ/O92I04yx3TsEKnJ9f7HGmXw==</latexit><latexit sha1_base64="Zk0WqJkxaZacFca3yrJqnNtgOFo=">AAACKXicbVDLTgIxFO2gIuILdOmmkZAYF2SGkOjGhMSNSzTySGBCOp0CDX2MbQdDJnyHW137Ne7UrT9iB1gIeJLenJx7b+7pCSJGtXHdLyeztb2T3c3t5fcPDo+OC8WTlpaxwqSJJZOqEyBNGBWkaahhpBMpgnjASDsY36b99oQoTaV4NNOI+BwNBR1QjIyV/N5EwIebee1X+4WSW3HngJvEW5ISWKLRLzrZXihxzIkwmCGtu54bGT9BylDMyCzfizWJEB6jIelaKhAn2k/mrmewbJUQDqSyTxg4V/9uJIhrPeWBneTIjPR6LxX/63VjM7j2Eyqi2BCBF4cGMYNGwjQCGFJFsGFTSxBW1HqFeIQUwsYGtXIl4PYPgjxjyTkS4WVik5olPSuXbZUsTP1JNrPJees5bZJWteJZfl8r1WvLDHPgDJyDC+CBK1AHd6ABmgCDJ/ACXsGb8+58OJ/O92I04yx3TsEKnJ9f7HGmXw==</latexit><latexit sha1_base64="Zk0WqJkxaZacFca3yrJqnNtgOFo=">AAACKXicbVDLTgIxFO2gIuILdOmmkZAYF2SGkOjGhMSNSzTySGBCOp0CDX2MbQdDJnyHW137Ne7UrT9iB1gIeJLenJx7b+7pCSJGtXHdLyeztb2T3c3t5fcPDo+OC8WTlpaxwqSJJZOqEyBNGBWkaahhpBMpgnjASDsY36b99oQoTaV4NNOI+BwNBR1QjIyV/N5EwIebee1X+4WSW3HngJvEW5ISWKLRLzrZXihxzIkwmCGtu54bGT9BylDMyCzfizWJEB6jIelaKhAn2k/mrmewbJUQDqSyTxg4V/9uJIhrPeWBneTIjPR6LxX/63VjM7j2Eyqi2BCBF4cGMYNGwjQCGFJFsGFTSxBW1HqFeIQUwsYGtXIl4PYPgjxjyTkS4WVik5olPSuXbZUsTP1JNrPJees5bZJWteJZfl8r1WvLDHPgDJyDC+CBK1AHd6ABmgCDJ/ACXsGb8+58OJ/O92I04yx3TsEKnJ9f7HGmXw==</latexit>

WRn(r)
<latexit sha1_base64="Fd9rD102siSidF+0QSibq+oAWns=">AAACL3icbVDLTgIxFO2gIuILdOmmkZCgCzJjSHRJ4sYlGnkkQEinU6Chj0nbgZDJfIpbXfs1xo1x61/YARYCnqTtybn35p4eP2RUG9f9dDI7u3vZ/dxB/vDo+OS0UDxraRkpTJpYMqk6PtKEUUGahhpGOqEiiPuMtP3JfVpvT4nSVIpnMw9Jn6ORoEOKkbHSoFBsD+LeVMAnkVTSV10NCiW36i4At4m3IiWwQmNQdLK9QOKIE2EwQ1p3PTc0/RgpQzEjSb4XaRIiPEEj0rVUIE50P154T2DZKgEcSmWPMHCh/p2IEdd6zn3byZEZ681aKv5X60ZmeNePqQgjQwReLhpGDBoJ0yBgQBXBhs0tQVhR6xXiMVIIGxvX2haf2z8IMsOScySC6zSwJO5ZuWxvyYLUn2SJTc7bzGmbtG6qnuWPtVK9tsowBy7AJagAD9yCOngADdAEGMzAC3gFb8678+F8Od/L1oyzmjkHa3B+fgEZjah3</latexit><latexit sha1_base64="Fd9rD102siSidF+0QSibq+oAWns=">AAACL3icbVDLTgIxFO2gIuILdOmmkZCgCzJjSHRJ4sYlGnkkQEinU6Chj0nbgZDJfIpbXfs1xo1x61/YARYCnqTtybn35p4eP2RUG9f9dDI7u3vZ/dxB/vDo+OS0UDxraRkpTJpYMqk6PtKEUUGahhpGOqEiiPuMtP3JfVpvT4nSVIpnMw9Jn6ORoEOKkbHSoFBsD+LeVMAnkVTSV10NCiW36i4At4m3IiWwQmNQdLK9QOKIE2EwQ1p3PTc0/RgpQzEjSb4XaRIiPEEj0rVUIE50P154T2DZKgEcSmWPMHCh/p2IEdd6zn3byZEZ681aKv5X60ZmeNePqQgjQwReLhpGDBoJ0yBgQBXBhs0tQVhR6xXiMVIIGxvX2haf2z8IMsOScySC6zSwJO5ZuWxvyYLUn2SJTc7bzGmbtG6qnuWPtVK9tsowBy7AJagAD9yCOngADdAEGMzAC3gFb8678+F8Od/L1oyzmjkHa3B+fgEZjah3</latexit><latexit sha1_base64="Fd9rD102siSidF+0QSibq+oAWns=">AAACL3icbVDLTgIxFO2gIuILdOmmkZCgCzJjSHRJ4sYlGnkkQEinU6Chj0nbgZDJfIpbXfs1xo1x61/YARYCnqTtybn35p4eP2RUG9f9dDI7u3vZ/dxB/vDo+OS0UDxraRkpTJpYMqk6PtKEUUGahhpGOqEiiPuMtP3JfVpvT4nSVIpnMw9Jn6ORoEOKkbHSoFBsD+LeVMAnkVTSV10NCiW36i4At4m3IiWwQmNQdLK9QOKIE2EwQ1p3PTc0/RgpQzEjSb4XaRIiPEEj0rVUIE50P154T2DZKgEcSmWPMHCh/p2IEdd6zn3byZEZ681aKv5X60ZmeNePqQgjQwReLhpGDBoJ0yBgQBXBhs0tQVhR6xXiMVIIGxvX2haf2z8IMsOScySC6zSwJO5ZuWxvyYLUn2SJTc7bzGmbtG6qnuWPtVK9tsowBy7AJagAD9yCOngADdAEGMzAC3gFb8678+F8Od/L1oyzmjkHa3B+fgEZjah3</latexit><latexit sha1_base64="Fd9rD102siSidF+0QSibq+oAWns=">AAACL3icbVDLTgIxFO2gIuILdOmmkZCgCzJjSHRJ4sYlGnkkQEinU6Chj0nbgZDJfIpbXfs1xo1x61/YARYCnqTtybn35p4eP2RUG9f9dDI7u3vZ/dxB/vDo+OS0UDxraRkpTJpYMqk6PtKEUUGahhpGOqEiiPuMtP3JfVpvT4nSVIpnMw9Jn6ORoEOKkbHSoFBsD+LeVMAnkVTSV10NCiW36i4At4m3IiWwQmNQdLK9QOKIE2EwQ1p3PTc0/RgpQzEjSb4XaRIiPEEj0rVUIE50P154T2DZKgEcSmWPMHCh/p2IEdd6zn3byZEZ681aKv5X60ZmeNePqQgjQwReLhpGDBoJ0yBgQBXBhs0tQVhR6xXiMVIIGxvX2haf2z8IMsOScySC6zSwJO5ZuWxvyYLUn2SJTc7bzGmbtG6qnuWPtVK9tsowBy7AJagAD9yCOngADdAEGMzAC3gFb8678+F8Od/L1oyzmjkHa3B+fgEZjah3</latexit>

0
<latexit sha1_base64="2/M12SIsyC6FQBjOf2/psdU0MbQ=">AAACIXicbVDLSgMxFM1UrbW+Wl26CZaCuCgzUtBlwY3LCvYBnaFkMmkbmseQZCplmG9wq2u/xp24E3/GTNuFbb2QcDjnXu65J4wZ1cZ1v53Czu5ecb90UD48Oj45rVTPulomCpMOlkyqfog0YVSQjqGGkX6sCOIhI71wep/rvRlRmkrxZOYxCTgaCzqiGBlLdfyZgO6wUnMb7qLgNvBWoAZW1R5WnaIfSZxwIgxmSOuB58YmSJEyFDOSlf1EkxjhKRqTgYUCcaKDdOE2g3XLRHAklX3CwAX7dyJFXOs5D20nR2aiN7Wc/E8bJGZ0F6RUxIkhAi8XjRIGjYT56TCiimDD5hYgrKj1CvEEKYSNDWhtS8jtDYI8Y8k5EtF1anPKUt/SdftLFuX+JMtsct5mTtuge9PwLH5s1lrNVYYlcAEuwRXwwC1ogQfQBh2AAQUv4BW8Oe/Oh/PpfC1bC85q5hyslfPzCyMIo20=</latexit><latexit sha1_base64="2/M12SIsyC6FQBjOf2/psdU0MbQ=">AAACIXicbVDLSgMxFM1UrbW+Wl26CZaCuCgzUtBlwY3LCvYBnaFkMmkbmseQZCplmG9wq2u/xp24E3/GTNuFbb2QcDjnXu65J4wZ1cZ1v53Czu5ecb90UD48Oj45rVTPulomCpMOlkyqfog0YVSQjqGGkX6sCOIhI71wep/rvRlRmkrxZOYxCTgaCzqiGBlLdfyZgO6wUnMb7qLgNvBWoAZW1R5WnaIfSZxwIgxmSOuB58YmSJEyFDOSlf1EkxjhKRqTgYUCcaKDdOE2g3XLRHAklX3CwAX7dyJFXOs5D20nR2aiN7Wc/E8bJGZ0F6RUxIkhAi8XjRIGjYT56TCiimDD5hYgrKj1CvEEKYSNDWhtS8jtDYI8Y8k5EtF1anPKUt/SdftLFuX+JMtsct5mTtuge9PwLH5s1lrNVYYlcAEuwRXwwC1ogQfQBh2AAQUv4BW8Oe/Oh/PpfC1bC85q5hyslfPzCyMIo20=</latexit><latexit sha1_base64="2/M12SIsyC6FQBjOf2/psdU0MbQ=">AAACIXicbVDLSgMxFM1UrbW+Wl26CZaCuCgzUtBlwY3LCvYBnaFkMmkbmseQZCplmG9wq2u/xp24E3/GTNuFbb2QcDjnXu65J4wZ1cZ1v53Czu5ecb90UD48Oj45rVTPulomCpMOlkyqfog0YVSQjqGGkX6sCOIhI71wep/rvRlRmkrxZOYxCTgaCzqiGBlLdfyZgO6wUnMb7qLgNvBWoAZW1R5WnaIfSZxwIgxmSOuB58YmSJEyFDOSlf1EkxjhKRqTgYUCcaKDdOE2g3XLRHAklX3CwAX7dyJFXOs5D20nR2aiN7Wc/E8bJGZ0F6RUxIkhAi8XjRIGjYT56TCiimDD5hYgrKj1CvEEKYSNDWhtS8jtDYI8Y8k5EtF1anPKUt/SdftLFuX+JMtsct5mTtuge9PwLH5s1lrNVYYlcAEuwRXwwC1ogQfQBh2AAQUv4BW8Oe/Oh/PpfC1bC85q5hyslfPzCyMIo20=</latexit><latexit sha1_base64="2/M12SIsyC6FQBjOf2/psdU0MbQ=">AAACIXicbVDLSgMxFM1UrbW+Wl26CZaCuCgzUtBlwY3LCvYBnaFkMmkbmseQZCplmG9wq2u/xp24E3/GTNuFbb2QcDjnXu65J4wZ1cZ1v53Czu5ecb90UD48Oj45rVTPulomCpMOlkyqfog0YVSQjqGGkX6sCOIhI71wep/rvRlRmkrxZOYxCTgaCzqiGBlLdfyZgO6wUnMb7qLgNvBWoAZW1R5WnaIfSZxwIgxmSOuB58YmSJEyFDOSlf1EkxjhKRqTgYUCcaKDdOE2g3XLRHAklX3CwAX7dyJFXOs5D20nR2aiN7Wc/E8bJGZ0F6RUxIkhAi8XjRIGjYT56TCiimDD5hYgrKj1CvEEKYSNDWhtS8jtDYI8Y8k5EtF1anPKUt/SdftLFuX+JMtsct5mTtuge9PwLH5s1lrNVYYlcAEuwRXwwC1ogQfQBh2AAQUv4BW8Oe/Oh/PpfC1bC85q5hyslfPzCyMIo20=</latexit> R1

<latexit sha1_base64="n6aFce2HCWqQMc+HL0KGn3E6TGY=">AAACI3icbVDLSgMxFM1UrbW+Wl26CZaCuCgzUtBlwY3LKvYBnaFkMpk2NI8hyVTKMB/hVtd+jTtx48J/MX0stPVCwuGce7nnnjBhVBvX/XIKW9s7xd3SXnn/4PDouFI96WqZKkw6WDKp+iHShFFBOoYaRvqJIoiHjPTCye1c702J0lSKRzNLSMDRSNCYYmQs1fOnAj4MvWGl5jbcRcFN4K1ADayqPaw6RT+SOOVEGMyQ1gPPTUyQIWUoZiQv+6kmCcITNCIDCwXiRAfZwm8O65aJYCyVfcLABft7IkNc6xkPbSdHZqzXtTn5nzZITXwTZFQkqSECLxfFKYNGwvnxMKKKYMNmFiCsqPUK8RgphI2N6M+WkNsbBHnCknMkosvMJpVnvqXr9pcsmvuTLLfJees5bYLuVcOz+L5ZazVXGZbAGTgHF8AD16AF7kAbdAAGE/AMXsCr8+a8Ox/O57K14KxmTsGfcr5/AKPApDM=</latexit><latexit sha1_base64="n6aFce2HCWqQMc+HL0KGn3E6TGY=">AAACI3icbVDLSgMxFM1UrbW+Wl26CZaCuCgzUtBlwY3LKvYBnaFkMpk2NI8hyVTKMB/hVtd+jTtx48J/MX0stPVCwuGce7nnnjBhVBvX/XIKW9s7xd3SXnn/4PDouFI96WqZKkw6WDKp+iHShFFBOoYaRvqJIoiHjPTCye1c702J0lSKRzNLSMDRSNCYYmQs1fOnAj4MvWGl5jbcRcFN4K1ADayqPaw6RT+SOOVEGMyQ1gPPTUyQIWUoZiQv+6kmCcITNCIDCwXiRAfZwm8O65aJYCyVfcLABft7IkNc6xkPbSdHZqzXtTn5nzZITXwTZFQkqSECLxfFKYNGwvnxMKKKYMNmFiCsqPUK8RgphI2N6M+WkNsbBHnCknMkosvMJpVnvqXr9pcsmvuTLLfJees5bYLuVcOz+L5ZazVXGZbAGTgHF8AD16AF7kAbdAAGE/AMXsCr8+a8Ox/O57K14KxmTsGfcr5/AKPApDM=</latexit><latexit sha1_base64="n6aFce2HCWqQMc+HL0KGn3E6TGY=">AAACI3icbVDLSgMxFM1UrbW+Wl26CZaCuCgzUtBlwY3LKvYBnaFkMpk2NI8hyVTKMB/hVtd+jTtx48J/MX0stPVCwuGce7nnnjBhVBvX/XIKW9s7xd3SXnn/4PDouFI96WqZKkw6WDKp+iHShFFBOoYaRvqJIoiHjPTCye1c702J0lSKRzNLSMDRSNCYYmQs1fOnAj4MvWGl5jbcRcFN4K1ADayqPaw6RT+SOOVEGMyQ1gPPTUyQIWUoZiQv+6kmCcITNCIDCwXiRAfZwm8O65aJYCyVfcLABft7IkNc6xkPbSdHZqzXtTn5nzZITXwTZFQkqSECLxfFKYNGwvnxMKKKYMNmFiCsqPUK8RgphI2N6M+WkNsbBHnCknMkosvMJpVnvqXr9pcsmvuTLLfJees5bYLuVcOz+L5ZazVXGZbAGTgHF8AD16AF7kAbdAAGE/AMXsCr8+a8Ox/O57K14KxmTsGfcr5/AKPApDM=</latexit><latexit sha1_base64="n6aFce2HCWqQMc+HL0KGn3E6TGY=">AAACI3icbVDLSgMxFM1UrbW+Wl26CZaCuCgzUtBlwY3LKvYBnaFkMpk2NI8hyVTKMB/hVtd+jTtx48J/MX0stPVCwuGce7nnnjBhVBvX/XIKW9s7xd3SXnn/4PDouFI96WqZKkw6WDKp+iHShFFBOoYaRvqJIoiHjPTCye1c702J0lSKRzNLSMDRSNCYYmQs1fOnAj4MvWGl5jbcRcFN4K1ADayqPaw6RT+SOOVEGMyQ1gPPTUyQIWUoZiQv+6kmCcITNCIDCwXiRAfZwm8O65aJYCyVfcLABft7IkNc6xkPbSdHZqzXtTn5nzZITXwTZFQkqSECLxfFKYNGwvnxMKKKYMNmFiCsqPUK8RgphI2N6M+WkNsbBHnCknMkosvMJpVnvqXr9pcsmvuTLLfJees5bYLuVcOz+L5ZazVXGZbAGTgHF8AD16AF7kAbdAAGE/AMXsCr8+a8Ox/O57K14KxmTsGfcr5/AKPApDM=</latexit>

R2
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Property of Fourier transform
smooth f(k) à localized f(r)



Example in 1D

Ø Consider as an example a Wannier orbital that can be obtained from the
Bloch states in a periodic one-dimensional potential. What happens if we
introduce a different phase in front of the Bloch states (leads to the same
observable electron density)?

(14)
from: Freimuth, PhD thesis, FZJ

gauge B gauge A



Localization of WFs

Ø As we saw in the previous simple example, choosing a different phase for the
Bloch states (i.e., exploiting their gauge freedom) will lead to new Wannier
orbitals that may exhibit very different shapes in real space. Engineering the
degree of localization of WFs is a highly non-trivial question, and a lot of
research has been devoted to its answer.

Ø Is it possible to choose a unique gauge such that the set of WFs becomes as
localized as possible in real space?

(15)

isolated band

composite bands
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<latexit sha1_base64="hFnbq2OCi0joUbZW2EdqUjz1EyA="></latexit><latexit sha1_base64="hFnbq2OCi0joUbZW2EdqUjz1EyA="></latexit><latexit sha1_base64="hFnbq2OCi0joUbZW2EdqUjz1EyA="></latexit><latexit sha1_base64="hFnbq2OCi0joUbZW2EdqUjz1EyA="></latexit>

 kn �!
X

m

U (k)
mn km

<latexit sha1_base64="uuZ8n3XH6c9U0T4ofgehuobwWjs="></latexit><latexit sha1_base64="uuZ8n3XH6c9U0T4ofgehuobwWjs="></latexit><latexit sha1_base64="uuZ8n3XH6c9U0T4ofgehuobwWjs="></latexit><latexit sha1_base64="uuZ8n3XH6c9U0T4ofgehuobwWjs="></latexit>

✏kn
<latexit sha1_base64="tonz9f2ZQg138FaE6Jo2t4JpNN8=">AAACL3icbZBNS8NAEIY3flStX60evSwWQTyURAp6LHjxWMFqoSlls5m0S/cj7G6UEvJTvOrZXyNexKv/wk3twVoHdnl4Z4aZeaOUM2N9/91bWV1br2xsblW3d3b39mv1gzujMk2hSxVXuhcRA5xJ6FpmOfRSDUREHO6jyVWZv38AbZiSt3aawkCQkWQJo8Q6aVirh5Aaxh3m4YPEE1kMaw2/6c8CL0MwhwaaR2dY9yphrGgmQFrKiTH9wE/tICfaMsqhqIaZgZTQCRlB36EkAswgn+1e4BOnxDhR2j1p8Uz93ZETYcxURK5SEDs2f3Ol+F+un9nkcpAzmWYWJP0ZlGQcW4VLI3DMNFDLpw4I1cztiumYaEKts2thSiTcDRIeqRKCyPisdKrIQyefuF/xuNxP8dK54K9Py3B33gwc37Qa7dbcw010hI7RKQrQBWqja9RBXUTRI3pCz+jFe/XevA/v86d0xZv3HKKF8L6+AcUAqWw=</latexit><latexit sha1_base64="tonz9f2ZQg138FaE6Jo2t4JpNN8=">AAACL3icbZBNS8NAEIY3flStX60evSwWQTyURAp6LHjxWMFqoSlls5m0S/cj7G6UEvJTvOrZXyNexKv/wk3twVoHdnl4Z4aZeaOUM2N9/91bWV1br2xsblW3d3b39mv1gzujMk2hSxVXuhcRA5xJ6FpmOfRSDUREHO6jyVWZv38AbZiSt3aawkCQkWQJo8Q6aVirh5Aaxh3m4YPEE1kMaw2/6c8CL0MwhwaaR2dY9yphrGgmQFrKiTH9wE/tICfaMsqhqIaZgZTQCRlB36EkAswgn+1e4BOnxDhR2j1p8Uz93ZETYcxURK5SEDs2f3Ol+F+un9nkcpAzmWYWJP0ZlGQcW4VLI3DMNFDLpw4I1cztiumYaEKts2thSiTcDRIeqRKCyPisdKrIQyefuF/xuNxP8dK54K9Py3B33gwc37Qa7dbcw010hI7RKQrQBWqja9RBXUTRI3pCz+jFe/XevA/v86d0xZv3HKKF8L6+AcUAqWw=</latexit><latexit sha1_base64="tonz9f2ZQg138FaE6Jo2t4JpNN8=">AAACL3icbZBNS8NAEIY3flStX60evSwWQTyURAp6LHjxWMFqoSlls5m0S/cj7G6UEvJTvOrZXyNexKv/wk3twVoHdnl4Z4aZeaOUM2N9/91bWV1br2xsblW3d3b39mv1gzujMk2hSxVXuhcRA5xJ6FpmOfRSDUREHO6jyVWZv38AbZiSt3aawkCQkWQJo8Q6aVirh5Aaxh3m4YPEE1kMaw2/6c8CL0MwhwaaR2dY9yphrGgmQFrKiTH9wE/tICfaMsqhqIaZgZTQCRlB36EkAswgn+1e4BOnxDhR2j1p8Uz93ZETYcxURK5SEDs2f3Ol+F+un9nkcpAzmWYWJP0ZlGQcW4VLI3DMNFDLpw4I1cztiumYaEKts2thSiTcDRIeqRKCyPisdKrIQyefuF/xuNxP8dK54K9Py3B33gwc37Qa7dbcw010hI7RKQrQBWqja9RBXUTRI3pCz+jFe/XevA/v86d0xZv3HKKF8L6+AcUAqWw=</latexit><latexit sha1_base64="tonz9f2ZQg138FaE6Jo2t4JpNN8=">AAACL3icbZBNS8NAEIY3flStX60evSwWQTyURAp6LHjxWMFqoSlls5m0S/cj7G6UEvJTvOrZXyNexKv/wk3twVoHdnl4Z4aZeaOUM2N9/91bWV1br2xsblW3d3b39mv1gzujMk2hSxVXuhcRA5xJ6FpmOfRSDUREHO6jyVWZv38AbZiSt3aawkCQkWQJo8Q6aVirh5Aaxh3m4YPEE1kMaw2/6c8CL0MwhwaaR2dY9yphrGgmQFrKiTH9wE/tICfaMsqhqIaZgZTQCRlB36EkAswgn+1e4BOnxDhR2j1p8Uz93ZETYcxURK5SEDs2f3Ol+F+un9nkcpAzmWYWJP0ZlGQcW4VLI3DMNFDLpw4I1cztiumYaEKts2thSiTcDRIeqRKCyPisdKrIQyefuF/xuNxP8dK54K9Py3B33gwc37Qa7dbcw010hI7RKQrQBWqja9RBXUTRI3pCz+jFe/XevA/v86d0xZv3HKKF8L6+AcUAqWw=</latexit>

✏kn
<latexit sha1_base64="tTXDexyq9dbgCAIMYE7FwxjHTEA="></latexit><latexit sha1_base64="tTXDexyq9dbgCAIMYE7FwxjHTEA="></latexit><latexit sha1_base64="tTXDexyq9dbgCAIMYE7FwxjHTEA="></latexit><latexit sha1_base64="tTXDexyq9dbgCAIMYE7FwxjHTEA="></latexit>

✏km
<latexit sha1_base64="sDPpJs5vfklQXS7a6rFzZFnQ04M="></latexit><latexit sha1_base64="sDPpJs5vfklQXS7a6rFzZFnQ04M="></latexit><latexit sha1_base64="sDPpJs5vfklQXS7a6rFzZFnQ04M="></latexit><latexit sha1_base64="sDPpJs5vfklQXS7a6rFzZFnQ04M="></latexit>



Maximal Localization of WFs

(16)



Ø A starting point for the procedure of maximal localization are the definitions
of the center and the second moment of the WF at the origin with R=0:

where both quantities can be evaluated from the Bloch orbitals and a fixed
choice of the gauge. The real-space spread of all the Wannier orbitals is given
by

This quantity is a functional of the gauge matrices U(k), which allows us to
minimize the spread by variation of these unitary matrices. To systematically
perform this minimization, for example, a steepest-descent algorithm can be
used if dW/dU(k) is known.

(17)
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Maximal Localization of WFs



Ø Based on a DFT calculation of the Kohn-Sham orbitals, this automatic
procedure can be carried out in a post-processing step in order to obtain
maximally localized WFs (MLWFs).

(18)

initial guess for gauge

determine new gauge

compute spread and 
gradient                 .@⌦/@U (k)

mn

Ø Many modern DFT codes feature
interfaces to the publicly available
program package “wannier90”.

Ø Although the procedure itself is
automatized, it requires a lot of user
experience to generate a physical set
of MLWFs.

Maximal Localization of WFs



… and in Practice?

(19)
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Trial orbitals such as 
s, p,… or hybrids

initial guess for gauge

determine new gauge

compute spread and 
gradient                 .@⌦/@U (k)

mn
Requires projections

Amn(k) = ⟨Ψkm|gn⟩



… and in Practice?

(20)

hWRn|r|W0mi = i
V

(2⇡)3
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d3k eik·Rhukn|rk|ukmi

Gauge enters!

Evaluate via finite differences:
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Requires overlaps

M (k,b)
mn = hukm|uk+bni

initial guess for gauge

determine new gauge

compute spread and 
gradient                 .@⌦/@U (k)

mn



The Wannier Workflow

(21)

Self-consistent calculation 
of charge density in 

FLEUR

Prepare Wannier step

à WF1.win

Generate necessary 
matrices for MLWFs

à WF1.amn, .mmn, .eig

Wannierization using 
wannier90 code

à WF1.wout, .chk

Post-processing
(FLEUR/wannier90)

http://www.wannier.org

Freimuth et al. PRB 78, 035120 (2008)

band structure
transport properties
magnetic properties

………



Shape of WFs

Semiconductors
(direct band gap)

Metals
(here: bcc Fe)

(22)

GaAs Si

sp3d2 dxy

Reflect the covalent nature of chemical bonds!



Bonding / Anti-Bonding Orbitals

(23)

Rev. Mod. Phys 84, 1419 (2012)



Model Hamiltonians

Ø Tight-binding model: The electrons are considered to be tightly bound to
nuclei such that the hopping processes to different lattice sites can be viewed
as small perturbations that give rise to hybridization and dispersive energy
bands. This typically provides a better and more natural description of the
electronic structure of solids than the picture of free electrons.

(24)
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on-site 
energies

hopping 
parameters



Here, the hopping parameters can be easily
shown to depend only on the distance
vector connecting the WFs

Model Hamiltonians

Ø The (unique) set of localized WFs constitutes an orthogonal, complete basis,
which enables us to use these orbitals as a starting point for setting up
effective model Hamiltonians in real space.

(25)

e
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Model Hamiltonians

Ø Using a Fourier transformation of the real-space Hamiltonian in the basis of
MLWFs, we can get back to momentum space and extract properties such
as the band structure. For this purpose, we need to diagonalize

Ø A fundamental question arises: Did we gain anything in this construction or
did we simply run in circles (from Bloch orbitals over Wannier functions back
to Bloch orbitals)?
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Wannier Interpolation

Ø The previous procedure is particularly useful: we established an extremely
important and widely applied computational technique that is known as
Wannier interpolation.
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How does it work?

Ø Before we discuss first examples of the Wannier interpolation, let us briefly
elucidate how the Fourier transformation of the hopping integrals between
localized WFs can provide an efficient but accurate interpolation method for
properties in momentum space.

Ø To address this question, we need to consider the WFs for continuous and
discrete values of k. Consider a 1D example of plane waves:
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Ø We can extract information for any desired k via the interpolation since the
“true” Wannier orbitals are very well approximated by the MLWFs obtained on
a relatively coarse momentum mesh.

Ø In the discrete case, periodic images appear, which should not interact
appreciably to achieve high accuracy of the interpolation. This is known as
sampling theorem in digital signal processing.
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How does it work?



Interpolation in Real Materials
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bcc iron

from: Wang et al, Phys. Rev. B 74, 195118 (2006)



Interpolation in Real Materials
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bcc ironCan you see the bands?

DFT



Interpolation in Real Materials

(32)

bcc iron

from: Yates et al, Phys. Rev. B 75, 195121 (2007)

Now you can!

DFT Wannier
interpolation



Topological Properties Exchange Interactions

(a) Ordinary Hall e↵ect (b) Anomalous Hall e↵ect
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Applications
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Berry Phases

Spin-Orbit TorquesAnomalous Hall Effect
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Sampling Momentum Space

Ø The Berry curvature in metallic magnets is sharply peaked if two energy
bands cross (degeneracy or monopole) or if two levels repel each other
(avoided crossing). Consequently, calculating accurately the integral of the
curvature over the Brillouin zone – to determine the conductivity – requires an
ultra-dense sampling of momentum space.

(34)

from: Wang et al, Phys. Rev. B 74, 195118 (2006)
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