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Many-body energy EH =
Z

drdr ! n(r )n (r !)
|r ! r ! |

<latexit sha1_base64="cQXgfq9vGYDre4VN5vLeFAC3H0I="></latexit>

Mean-field approach

E[n] ! Ts[n] +
Z

drvext (r)n(r) + EH [n]
<latexit sha1_base64="KcDEm4Z3z06TdnhVoNgcufOpMHk="></latexit>
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E[n] = Ts[n] +

!
dr vext (r )n(r ) + EH [n] + Exc [n]

<latexit sha1_base64="2Ymwi2YEhnD0UlJMV2P93Jb4+Bs="></latexit>
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E[n] = Ts[n] +

!
dr vext (r )n(r ) + EH [n] + Exc [n]

<latexit sha1_base64="2Ymwi2YEhnD0UlJMV2P93Jb4+Bs="></latexit> =
0

<latexit sha1_base64="KTaqQKkiY37LPrl/4k909Ba+UU8=">AAAB6XicdVBNS8NAEN3Ur1q/qh69LBbBU9ikoa0HoejFYxVbC20om+2mXbrZhN2NUEL/gRcPinj1H3nz37hpK6jog4HHezPMzAsSzpRG6MMqrKyurW8UN0tb2zu7e+X9g46KU0lom8Q8lt0AK8qZoG3NNKfdRFIcBZzeBZPL3L+7p1KxWNzqaUL9CI8ECxnB2kg352hQriD7rFFzvRpENkJ1x3Vy4ta9qgcdo+SogCVag/J7fxiTNKJCE46V6jko0X6GpWaE01mpnyqaYDLBI9ozVOCIKj+bXzqDJ0YZwjCWpoSGc/X7RIYjpaZRYDojrMfqt5eLf3m9VIcNP2MiSTUVZLEoTDnUMczfhkMmKdF8aggmkplbIRljiYk24ZRMCF+fwv9Jx7Wdqu1ee5XmxTKOIjgCx+AUOKAOmuAKtEAbEBCCB/AEnq2J9Wi9WK+L1oK1nDkEP2C9fQJcGo1B</latexit>

EH =
Z

drdr ! n(r )n (r !)
|r ! r ! |

<latexit sha1_base64="cQXgfq9vGYDre4VN5vLeFAC3H0I="></latexit>

Exc[n]
<latexit sha1_base64="lF7S5IVIAFp0H6OAgltrbciTL+k=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj0WRPBYwX7IdinZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+Hrmdx6p0iyW92aS0EDgoWQRI9hY6eGmnz2RqS+DfrniVt050CrxclKBHM1++as3iEkqqDSEY619z01MkGFlGOF0WuqlmiaYjPGQ+pZKLKgOsvnBU3RmlQGKYmVLGjRXf09kWGg9EaHtFNiM9LI3E//z/NRE9SBjMkkNlWSxKEo5MjGafY8GTFFi+MQSTBSztyIywgoTYzMq2RC85ZdXSbtW9S6qtbvLSqOex1GEEziFc/DgChpwC01oAQEBz/AKb45yXpx352PRWnDymWP4A+fzB95tkGs=</latexit>

includes a self-interaction correction

Exc[n]
<latexit sha1_base64="lF7S5IVIAFp0H6OAgltrbciTL+k=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj0WRPBYwX7IdinZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+Hrmdx6p0iyW92aS0EDgoWQRI9hY6eGmnz2RqS+DfrniVt050CrxclKBHM1++as3iEkqqDSEY619z01MkGFlGOF0WuqlmiaYjPGQ+pZKLKgOsvnBU3RmlQGKYmVLGjRXf09kWGg9EaHtFNiM9LI3E//z/NRE9SBjMkkNlWSxKEo5MjGafY8GTFFi+MQSTBSztyIywgoTYzMq2RC85ZdXSbtW9S6qtbvLSqOex1GEEziFc/DgChpwC01oAQEBz/AKb45yXpx352PRWnDymWP4A+fzB95tkGs=</latexit>

describes how electrons avoid each other

x: pauli exclusion principle

c: screening, 
self-interaction correction,
”the rest”   

Lot’s of bonding 
happens here!
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v(r) ! v"(r), v#(r)
<latexit sha1_base64="FCOKFsmrccO/z6LCAugq1lKk71U=">AAACM3icbVDLSsNAFJ34rPUVdelmsAgVpCRV0GXRjbiqYB/QhDKZTtqhk0mYmbSU0H9y44+4EMSFIm79BydpFrX1wMDhnHvv3Hu8iFGpLOvNWFldW9/YLGwVt3d29/bNg8OmDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzhbeq3RkRIGvJHNYmIG6A+pz7FSGmpa96Pyk6A1MDzEzE9g46g/YFCQoRjOOo6cZTR+ZLzVO+FY77kdM2SVbEywGVi56QEctS75osehOOAcIUZkrJjW5FyEyQUxYxMi04sSYTwEPVJR1OOAiLdJLt5Ck+10oN+KPTjCmbqfEeCAikngacr0xXlopeK/3mdWPnXbkJ5FCvC8ewjP2ZQhTANEPaoIFixiSYIC6p3hXiABMJKx1zUIdiLJy+TZrViX1SqD5el2k0eRwEcgxNQBja4AjVwB+qgATB4Aq/gA3waz8a78WV8z0pXjLznCPyB8fMLsm2sKg==</latexit>

n(r ) ! n! (r ), n" (r )
<latexit sha1_base64="J9rPUEjUgjfrtlV0AOOrWYz6iQU=">AAACM3icbVDLSsNAFJ3UV62vqEs3g0WoICWpgi6LbsRVBfuAJpTJdNIOnUzCzMRSQv/JjT/iQhAXirj1H5ykWdTWAwOHc+69c+/xIkalsqw3o7Cyura+UdwsbW3v7O6Z+wctGcYCkyYOWSg6HpKEUU6aiipGOpEgKPAYaXujm9RvPxIhacgf1CQiboAGnPoUI6WlnnnHK06A1NDzEzE9hY6gg6FCQoRjyHtOHGV0vuQs1fvhmC85PbNsVa0McJnYOSmDHI2e+aIH4TggXGGGpOzaVqTcBAlFMSPTkhNLEiE8QgPS1ZSjgEg3yW6ewhOt9KEfCv24gpk635GgQMpJ4OnKdEW56KXif143Vv6Vm1AexYpwPPvIjxlUIUwDhH0qCFZsognCgupdIR4igbDSMZd0CPbiycukVava59Xa/UW5fp3HUQRH4BhUgA0uQR3cggZoAgyewCv4AJ/Gs/FufBnfs9KCkfccgj8wfn4BiZWsEg==</latexit>

v(r) = v"(r) = v#(r)
<latexit sha1_base64="Jtjun5skHJmRAVszaxJ7j8agQ3s=">AAACKnicbVDLSsNAFJ3UV62vqEs3g0Wom5JUQTdC1Y3LCvYBbQiT6aQdOpmEmUlLCf0eN/6Kmy6U4tYPcdJmoY0HBg7n3Hvn3uNFjEplWQujsLG5tb1T3C3t7R8cHpnHJy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe6PH1G+PiZA05C9qGhEnQANOfYqR0pJr3o8rvQCpoecnYnYJ7+DY7cUREiKc5I1+OOE5yzXLVtVaAuaJnZEyyNBwzbkehOOAcIUZkrJrW5FyEiQUxYzMSr1YkgjhERqQrqYcBUQ6yfLUGbzQSh/6odCPK7hUf3ckKJByGni6Ml1Rrnup+J/XjZV/6ySUR7EiHK8+8mMGVQjT3GCfCoIVm2qCsKB6V4iHSCCsdLolHYK9fnKetGpV+6pae74u1x+yOIrgDJyDCrDBDaiDJ9AATYDBK3gHH+DTeDPmxsL4WpUWjKznFPyB8f0D7iSnmQ==</latexit>

In a system with whose groundstate
can be spin-polarized, LSDA will preform better than LDA
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E LDA
xc [n] =

Z
dr n(r)"HEG

xc (n(r))
<latexit sha1_base64="3E65uRryL00m2nW6idOm2yOfPYc="></latexit>

use quantum monte carlo to interpolate "HEG

xc
<latexit sha1_base64="GuqeDOWzkhenQuvltlPq85aEv4g=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkpSBV0WReyygn1AG8tketMOnUzCzKRYYhb+ihsXirj1N9z5N07bLLT1wIUz59zL3Hu8iFGpbPvbyC0tr6yu5dcLG5tb2zvm7l5DhrEgUCchC0XLwxIY5VBXVDFoRQJw4DFoesOrid8cgZA05HdqHIEb4D6nPiVYaalrHnRGWEAkKdOv5IGk90n1+ibtmkW7ZE9hLRInI0WUodY1vzq9kMQBcEUYlrLt2JFyEywUJQzSQieWEGEyxH1oa8pxANJNpvun1rFWepYfCl1cWVP190SCAynHgac7A6wGct6biP957Vj5F25CeRQr4GT2kR8zS4XWJAyrRwUQxcaaYCKo3tUiAywwUTqygg7BmT95kTTKJee0VL49K1Yuszjy6BAdoRPkoHNUQVVUQ3VE0CN6Rq/ozXgyXox342PWmjOymX30B8bnD7BkloY=</latexit>

lot‘s of parametrizations
all equivalent

Exact for any uniform density
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Mean error: 
-6.1 pm
Mean abs. error: 
6.1 pm
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Exc[n] =
1

2

Z
drdr0

n(r)nxc(r, r0)

|r� r0|
<latexit sha1_base64="PVpMFvjv32d7KYJpqyjztCZXZ6o="></latexit>

nxc(r , r 0)
<latexit sha1_base64="kB80FkxPSWqS7GSBmRdvP812mBA=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFrCAlqYIui25cVrAXaEOYTCft0MkkzEzEErJ046u4caGIWx/BnW/jpA2irT8MfPznHOac34sYlcqyvozCwuLS8kpxtbS2vrG5ZW7vtGQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6Ttja6yevuOCElDfqvGEXECNODUpxgpbbnmPneTe5xWegFSQ89PRHoCf/goPXbNslW1JoLzYOdQBrkarvnZ64c4DghXmCEpu7YVKSdBQlHMSFrqxZJECI/QgHQ1chQQ6SSTQ1J4qJ0+9EOhH1dw4v6eSFAg5TjwdGe2o5ytZeZ/tW6s/AsnoTyKFeF4+pEfM6hCmKUC+1QQrNhYA8KC6l0hHiKBsNLZlXQI9uzJ89CqVe3Tau3mrFy/zOMogj1wACrABuegDq5BAzQBBg/gCbyAV+PReDbejPdpa8HIZ3bBHxkf36dAmbk=</latexit>

: xc-hole density

nxc (r , r 0) = nx (r , r 0) + nc(r , r 0)
<latexit sha1_base64="fnJPeTWlc/LisCiidGpjHDzVK3A=">AAACRnicdZBNS8NAEIYn9avWr6hHL4tFVJSSqKAXoejFo4LVQhvCZrupSzebsLsRS8iv8+LZmz/BiwdFvLqtQbTVgYWX95lhZt8g4Uxpx3myShOTU9Mz5dnK3PzC4pK9vHKl4lQS2iAxj2UzwIpyJmhDM81pM5EURwGn10HvdMCvb6lULBaXup9QL8JdwUJGsDaWb3vCz+5IvtWOsL4Jwkzmu+hbb+bb6BgJ/+5/vGMw+Rf7dtWpOcNC48ItRBWKOvftx3YnJmlEhSYcK9VynUR7GZaaEU7zSjtVNMGkh7u0ZaTAEVVeNowhRxvG6aAwluYJjYbuz4kMR0r1o8B0Dm5Uo2xg/sVaqQ6PvIyJJNVUkK9FYcqRjtEgU9RhkhLN+0ZgIpm5FZEbLDHRJvmKCcEd/fK4uNqrufu1vYuDav2kiKMMa7AOW+DCIdThDM6hAQTu4Rle4c16sF6sd+vjq7VkFTOr8KtK8AklSbDr</latexit>

LDA fullfils these exact constraints:

nx  0
<latexit sha1_base64="1BrZghmsKy1UuYgqWpY/ggYRAY0=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xkUcEQmaHXpgwO7vOzBrJhr/w4kFjvPo33vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oeuo3H1FpHsk7M46xG9KB5AFn1FjpXvaeSEfgA3F7xZJbdmcgy8TLSAky1HrFr04/YkmI0jBBtW57bmy6KVWGM4GTQifRGFM2ogNsWyppiLqbzi6ekBOr9EkQKVvSkJn6eyKlodbj0LedITVDvehNxf+8dmKCy27KZZwYlGy+KEgEMRGZvk/6XCEzYmwJZYrbWwkbUkWZsSEVbAje4svLpFEpe2flyu15qXqVxZGHIziGU/DgAqpwAzWoAwMJz/AKb452Xpx352PemnOymUP4A+fzB5ikkDU=</latexit>!

dr nx (r , r !) = ! 1
<latexit sha1_base64="hOk2BeM9egb1LxlCeAn63V7jYwM=">AAACH3icbVDLSgMxFM3UV62vUZdugkWsUMtMFXUjFN24rGAf0BlKJs20oZnMkGTEMvRP3PgrblwoIu76N2baQrX1QOBwzr3k3ONFjEplWSMjs7S8srqWXc9tbG5t75i7e3UZxgKTGg5ZKJoekoRRTmqKKkaakSAo8BhpeP3b1G88EiFpyB/UICJugLqc+hQjpaW2eeFQrmAHOgFSPc9PxBA6RcjbT4WZUpy5x8MTeA1P7baZt0rWGHCR2FOSB1NU2+a30wlxHBCuMENStmwrUm6ChKKYkWHOiSWJEO6jLmlpylFApJuM7xvCI610oB8K/XTasfp7I0GBlIPA05NpUDnvpeJ/XitW/pWbUB7FinA8+ciPGVQhTMuCHSoIVmygCcKC6qwQ95BAWOlKc7oEe/7kRVIvl+yzUvn+PF+5mdaRBQfgEBSADS5BBdyBKqgBDJ7BK3gHH8aL8WZ8Gl+T0Ywx3dkHf2CMfgCaZqFq</latexit>

E. WI GNER AND F. SEITZ

P(r)

FIG. 2.

Instead of finding the energy value Efor different
radii of the sphere, the radii corresponding to
different energy values were determined. Thus an
arbitrary energy value 8 was taken and the cor-
responding wave function was obtained from (7)
using the method of finite di8erences employed
by Prokofjew. The calculation was started at
r=0, however, so that every calculated wave
function could be used. For r =0 the radial func-
tion R vanishes and the solution up to r =0.025
was calculated by means of a power series in r.
After this the method of finite differences was
employed, first with differences of 0.005 and then
with larger ones when allowable. The largest dif-
ference employed was 0.32 (r)4.6). The wave
function had practically no dependence on E in
the neighborhood of the origin so that it was not
always necessary to repeat this part of the calcu-
lation. As a check, the energy of the electron in
the free atom was also determined, the calculated
value lies between 0.3820 and 0.3800 Rydberg

units, while the experimental value is 0.3778.In
Fig. 3, the wave function of the free atom and the
wave function for A=0.500 are plotted. The
numerical tables will be published at another
time.

After having the wave function, it was easy to
determine the radius of the sphere, for which the
boundary condition (8) is satisfied by drawing
the tangents to R from the origin. The figure
shows, that the boundary conditions are satisfied
for two different radii, so that every numerical
integration yields two points of the E(r) curve,
which gives the energy of the most strongly
bound free electron as a function of the lattice
constant d = (87r/3) Ir. In Fig. 4 the E(r) curve is
given (lower line), the unit of energy being the
ionization energy of II. For very large r it ap-
proaches the ionization energy of atomic Na,
possessesa minimum around r =3,and rises again
for smaller values of r. This latter behavior is due
to the fact that a further compression of the lat-
tice would push the valence electron inside the
closed L, shell, which of course requires energy.
The lattice, unlike a similar II lattice,"would be
stable, therefore, even without taking into ac-
count Fermi statistics.

The calculation of a wave function took about
two afternoons, and five wave functions were
calculated on the whole, giving the ten points of

"Cf. E. A. Hylleraas, reference 3.
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On the Constitution of Metallic Sodium

E, SIGNER AND F.SEnz, Department of Physics, Princeton University

(Received March 18, 1933)

Previous developments in the theory of metals may be
divided clearly into two parts: that based principally upon
the hypothesis of free electrons and dealing with conductiv-
ity properties, and that based upon calculations of valence
forces and dealing with the chemical properties. In the
present article an intermediate point of view is adopted and
the free-electron picture is employed in an investigation of
chemical properties of metallic sodium. The assumption is
made that in the metal the X and L, shells of an atom are
not altered from their form in the free atom. The properties
of the wave functions of the electrons are discussed quali-
tatively, 6rst of all, and it is concluded that the binding en-

ergy will be positive even when the Pauli principle is taken
account of. This is followed by a quantitative investigation
of the energy to be associatedwith the lowest state.First of
all it is shown to what extent the present picture takes ac-
count of the interactions of electrons with both parallel and
antiparallel spins, and to what extent remaining effects
may be neglected. Next a Schroedinger equation is solved
in order to determine the lowest energy level for various
values of the lattice constant. To this a correction is made
to account for the Pauli principle and from the result the
lattice constant, binding energy and compressibility are
calculated with favorable results,

HE investigations which have been carried
out so far on the constitution of metals by

quantum mechanics may be divided into two
classes, the work on conductivity and related
phenomena, carried out chieAy by Bloch, Peierls,
Nordheim and Brillouin' are mainly based on the
hypothesis of free electrons' and are concerned
with the interaction between the electronic mo-
tion and the vibrations of the lattice, which is
responsible for the electric resistance.The works
of the other class' are mainly concerned with the
chemical properties and crystal structure of the
metals and are based on calculations of valence
forces. They encounter great mathematical diffi-
culties because the application of the usual
methods to calculate valence forcesbecomesmore
and more difficult as the number of atoms in-
creases.

The present work intends to take an inter-
mediate point of view by applying the free elec-
tron picture but aiming at a calculation of chem-

ical properties of metallic sodium such as lattice
constant, heat of vaporization, compressibility,
etc.The method of calculation is the same one as
that proposed by Hund for molecules4 and more
recently applied by Lenz and Jensen' to ionic
lattices, and by Lennard-Jones and H. J.Woods'
to two dimensional metallic lattices. The elec-
trons are assumed to move freely in a potential
field and their interaction is supposed to be con-
tained to a large extent in this field, much as in
Hartree's method of the self-consistent field
which is actually the field adopted in the calcu-
lations of Lenz (not in ours). The initial assurnp-
tions which one makes about the statistical con-
nections of positions of different e1ectrons are
necessarily rather rough in this picture and
should be improved afterwards.

VJe assume first that the electrons in the X
and I. shells are not affected by the metallic
bond and their wave functions the same as in the

' Cf. the comprehensive treatment by L. Brillouin, Die
Quantenstatistik. Berlin, 1932.

2 Cf. %.Pauli, Zeits. f. Physik 41,81 (1927);A. Sommer-
feld, Zeits. f. Physik 47, 1 (1928).

3 J.C.Slater, Phys. Rev. 35,509(1930);E, A. Hylleraas,
Zeits. f. Physik 03, 771 (1930);and especially H. S.Taylor,
H. Eyring, A. Sherman, J.Chem. Phys. 1, 68 (1933}.

4 F. Hund, Zeits. f. Physik 40, 742 (1927)and applica-
tions of this point of view to crystals, Zeits. f. Physik 74, 1
(1932).

5%.Lenz, Zeits. f. Physik 77, 713 (1932);H. Jensen,
Zeits. f. Physik 77, 722 (1932).

' J.E.Lennard-Jones and H. J.Woods, Proc. Roy. Soc.
A120, 727 (1928).

804

Z
drnc(r, r

0) = 0
<latexit sha1_base64="LjeHQQqEDQkBNHggUd4atTNOKzw=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0WsUEpSFd0IRTcuK9gHNKVMppN26GQSZiZCCfkSN/6KGxeKCK70b5y0gWrrgYHDOfcy5x43ZFQqy/o2ckvLK6tr+fXCxubW9o65u9eUQSQwaeCABaLtIkkY5aShqGKkHQqCfJeRlju6Sf3WAxGSBvxejUPS9dGAU49ipLTUM88dyhXsQ8dHauh6sUigU4a8h0szpTxzj5MTeAWtnlm0KtYEcJHYGSmCDPWe+en0Axz5hCvMkJQd2wpVN0ZCUcxIUnAiSUKER2hAOppy5BPZjSfnJfBIK33oBUI/HXai/t6IkS/l2Hf1ZJpTznup+J/XiZR32Y0pDyNFOJ5+5EUMqgCmXcE+FQQrNtYEYUF1VoiHSCCsdKMFXYI9f/IiaVYr9mmlendWrF1ndeTBATgEJWCDC1ADt6AOGgCDR/AMXsGb8WS8GO/Gx3Q0Z2Q7++APjK8f+pGhHQ==</latexit>

nLDA
xc (r, r! )

<latexit sha1_base64="g0plDXa3LNIZU6lxS9vgYqcgKPs=">AAACDXicbZDLSsNAFIYn9VbrLerSTbCKFaQkVdBlvSxcuKhgL9DGMJlO2qGTSZiZiCXkBdz4Km5cKOLWvTvfxkkbRFt/GPj4zznMOb8bUiKkaX5puZnZufmF/GJhaXlldU1f32iIIOII11FAA95yocCUMFyXRFLcCjmGvktx0x2cp/XmHeaCBOxGDkNs+7DHiEcQlMpy9B12G19dnCZOfI+SUseHsu96MU8OfnAv2Xf0olk2RzKmwcqgCDLVHP2z0w1Q5GMmEYVCtC0zlHYMuSSI4qTQiQQOIRrAHm4rZNDHwo5H1yTGrnK6hhdw9Zg0Ru7viRj6Qgx9V3WmO4rJWmr+V2tH0juxY8LCSGKGxh95ETVkYKTRGF3CMZJ0qAAiTtSuBupDDpFUARZUCNbkydPQqJStw3Ll+qhYPcviyIMtsA1KwALHoAouQQ3UAQIP4Am8gFftUXvW3rT3cWtOy2Y2wR9pH9+yKZvy</latexit>

Fulfils these conditions,
because it‘s based on a physical system! 
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Mean Error:
-0.97 eV

Mean abs. Error:
0.984 eV
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Idea: 
Get more information about the density
through a Taylor expansion

! n
<latexit sha1_base64="sVG84NkDrlUfq7BroEfoENRL7qc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Ae0oUy2m3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38399hNTmsfy0UwT5kc4lDzkFI2VOj2JgUAi++WKW3UXIOvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwWamXapYgHeOQdS2VGDHtZ4t7Z+TCKgMSxsqWNGSh/p7IMNJ6GgW2M0Iz0qveXPzP66YmvPUzLpPUMEmXi8JUEBOT+fNkwBWjRkwtQaq4vZXQESqkxkZUsiF4qy+vk1at6l1Vaw/XlXo9j6MIZ3AOl+DBDdThHhrQBAoCnuEV3pyJ8+K8Ox/L1oKTz5zCHzifP6YJj7Q=</latexit>

Include to

Not strictly ab-initio anymore

Unlike LDA, there are a lot of GGAs

Choice of GGA is a parameter

Exc [n, ! n] =
!

dr ! xc (n(r ), ! n(r ))
<latexit sha1_base64="0f1vIP7EuGccKPAKUHg5B6ZviA0="></latexit>
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FLEUR has 5 native GGAs:
pw91, pbe (1996),    rpbe(1998),   Rpbe(1998), wc(2006)

revises revises

LibXC has ~125 GGAs

PBEsol, EV93PW91 and everything else

has ~125 GGAs
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LibXC
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1.

2.
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Lattice parameters

Page 14

PBE:
Mean Error:
3.1 pm
Mean abs. Error:
4.3 pm

PBEsol:
Mean Error:
-2.2 pm
Mean abs. Error:
2.8 pm

LDA
Mean error: 
-6.1 pm
Mean abs. error: 
6.1 pm
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Band gap
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LDA:
Mean Error:
-0.97 eV
Mean abs. Error:
0.984 eV

PBE:
Mean Error:
-0.909 eV
Mean abs. Error:
0.923 eV

EV93PW91:
Mean Error:
-0.58 eV
Mean abs. Error:
0.6121 eV
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PBE layer distance in Graphite
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c

Graphene layers are weakly van-der-Walls bonded

GGAs and LDAs are bad with vdW materials
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van-der-Waals functionals
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Fleur has an undocumented van-der-Waals feature

Contact us!

E nl
c =

1
2

!
d3rd3r !n(~r )� (~r, ~r !) n (~r !)

<latexit sha1_base64="iKPLkEVdBlpxlbsSTH3TOppPxCQ=">AAAChHicbVFNaxsxFNRu2yR1v9z22IuoKU0gmF27ob20GEqhxxTqJGA5Riu/tUUk7SK9DRihX5J/lVv/TWVnExqnD4RGM/OQ3qiolXSYZX+S9NHjJzu7e087z56/ePmq+/rNiasaK2AsKlXZs4I7UNLAGCUqOKstcF0oOC0uvq/100uwTlbmN65qmGq+MLKUgmOkZt2rHzPPNMel1V6EcH53MCqEr6y0XPg8+EGgTBqk83M/DN Te7tFeW6khULPPLkF4Gw4oq5eSKSjxljqkLbizMysXSzyg5p5vW551e1k/2xR9CPIW9Ehbx7PuNZtXotFgUCju3CTPapx6blEKBaHDGgc1Fxd8AZMIDdfgpn4TYqAfIjOnZWXjipNu2H87PNfOrXQRneuI3La2Jv+nTRosv0y9NHWDYMTNRWWjKFZ0/SN0Li0IVKsIuLAyvpWKJY/BY/y3Tgwh3x75ITgZ9PNhf/DrU280auPYI+/Ie7JPcvKZjMhPckzGRCRJ8jHJkjzdSQ/TYXp0Y02TtuctuVfpt78lbcXR</latexit>

Exc [n] = E GGA
x [n] + E LDA

c [n] + E nl
c [n]

<latexit sha1_base64="3vgiqege+9ZwXHKfO6DV0dffklc="></latexit>

E[n] =

Z
drn(r)"xc(r)

<latexit sha1_base64="XWuc1pDKHBqjIKEa0+q6duGwhgI=">AAACL3icbVBdS8MwFE3n15xfUx99CQ5hgox2CvoiDETxcYL7gLaMNE23sDQtSTocZf/IF//KXkQU8dV/YboNnJsXAifn3MO993gxo1KZ5puRW1ldW9/Ibxa2tnd294r7B00ZJQKTBo5YJNoekoRRThqKKkbasSAo9Bhpef2bTG8NiJA04o9qGBM3RF1OA4qR0lSneHdrcxdeQ4dyBX3ohEj1vCAVI+icQV7+/Z9CZ4AEiSVl2pc+4dG82CmWzIo5KbgMrBkogVnVO8Wx40c4CQlXmCEpbcuMlZsioShmZFRwEklihPuoS2wNOQqJdNPJvSN4ohkfBpHQT689YecdKQqlHIae7sxWlItaRv6n2YkKrtyU8jhRhOPpoCBhUEUwCw/6VBCs2FADhAXVu0LcQwJhpSMu6BCsxZOXQbNasc4r1YeLUq02iyMPjsAxKAMLXIIauAd10AAYPIMxeAcfxovxanwaX9PWnDHzHII/ZXz/AN0CqQ0=</latexit>

Dispersion needs a non-local description
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DFT Heaven

Local density approximation

Meta-GGA

Generalized gradient approx.

Hybrid

GW, RPA

n(r)
<latexit sha1_base64="Bgs+Fq4pK6rNjUaaaphZoZdiQ6k=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2WmCrosuHFZwT6gHUomzbShmWRMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GV+Z0qVZlI8mllM/QiPBAsZwcZKvqj2I2zGQZiq+eWgXHFr7gJonXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRe6ieaxphM8Ij2LBU4otpPF6Hn6MIqQxRKZZ8waKH+3khxpPUsCuxkFlGvepn4n9dLTHjrp0zEiaGCLA+FCUdGoqwBNGSKEsNnlmCimM2KyBgrTIztqWRL8Fa/vE7a9Zp3Vas/XFcabl5HEc7gHKrgwQ004B6a0AICT/AMr/DmTJ0X5935WI4WnHznFP7A+fwBi5mR5Q==</latexit>

rn(r)
<latexit sha1_base64="1rQAG4/O/17G+OCC9OPjRixluyQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5JUQZcFNy4r2Ac0odxMJ+3QySTMTIQair/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0439bK6tr6xmZpq7y9s7u3bx8ctlWcSkJbJOax7AagKGeCtjTTnHYTSSEKOO0E45vc7zxQqVgs7vUkoX4EQ8FCRkAbqW8fewICDlhUvQj0KAgzOT3v2xWn5syAl4lbkAoq0OzbX94gJmlEhSYclOq5TqL9DKRmhNNp2UsVTYCMYUh7hgqIqPKzWfopPjPKAIexNE9oPFN/b2QQKTWJAjOZR1SLXi7+5/VSHV77GRNJqqkg80NhyrGOcV4FHjBJieYTQ4BIZrJiMgIJRJvCyqYEd/HLy6Rdr7kXtfrdZaXhFHWU0Ak6RVXkoivUQLeoiVqIoEf0jF7Rm/VkvVjv1sd8dMUqdo7QH1ifP/CNlNY=</latexit>

occupied! i (r !)
<latexit sha1_base64="4YJFuqeqtPJGluVCDCJAYdx75HU=">AAACDXicbVA9SwNBEN3zM8avqKXNYhRjE+6ioGXAxjKC+YBcCHubuWTJ3ge7c2I48gds/Cs2ForY2tv5b9xLUmjig4HHezPMzPNiKTTa9re1tLyyurae28hvbm3v7Bb29hs6ShSHOo9kpFoe0yBFCHUUKKEVK2CBJ6HpDa8zv3kPSosovMNRDJ2A9UPhC87QSN3CsYvwgGnEeRIL6NExdWMtuqLkBgwHnp+q0/FZt1C0y/YEdJE4M1IkM9S6hS+3F/EkgBC5ZFq3HTvGTsoUCi5hnHcTDTHjQ9aHtqEhC0B30sk3Y3pilB71I2UqRDpRf0+kLNB6FHimM7tRz3uZ+J/XTtC/6qQijBOEkE8X+YmkGNEsGtoTCjjKkSGMK2FupXzAFONoAsybEJz5lxdJo1J2zsuV24ti1Z7FkSOH5IiUiEMuSZXckBqpE04eyTN5JW/Wk/VivVsf09YlazZzQP7A+vwBj/Sbyg==</latexit>

! (r ) =
1
2

!

i

|! " i (r )|2

<latexit sha1_base64="HebXws0bjAKlrPIXVF2lfxk+QX8="></latexit>

unoccupied! i (r !)
<latexit sha1_base64="SEoXlZ+Ex3kDmQxr03tyTU5/VEM="></latexit>

Computational Effort

semi-local

non-local

Local density approximation

Meta-GGA

Generalized gradient approx.

Hybrid

GW, RPA
…
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!c
revPKZB! !c

PBE"n! ,n" ,# n! ,# n" $!1" C"%,&$"'W

' #2$
# (1" C"%,&$)"'W

' #2

*
+

n+

n

$ max(!c
PBE"n+,0,# n+,0$,!c

PBE"n! ,n" ,# n! ,# n" $).

"12$

Note that, in TPSS,C is a function of the spin polarization
%! (n! # n" )/n and a variable&! %# %%/2(3, 2n)1/3. C(%,&)
is designed to makeExc

TPSS(n! ,n" ) properly independent of%
(0%%%%%0.7) in the low-density limit.32 The max() function
appears in Eq."12$ to ensure that!c

revPKZB is strictly negative
everywhere.

As shown in Table I, the two meta-GGA functionals gen-
erally satisfy more constraints than their predecessors. The
breakthrough in performance from PKZB to TPSS has been
attributed22to the satisfaction of the constraint ÔÔvx(r) Þnite
at the nucleus.ÕÕ Note that PBE, PKZB, and TPSS all reduce
to LSDA for a uniform density"this is one of the most basic
requirements for approximate density functionals in applica-
tions to solids$, while such common functionals as
BLYP,14,15B3LYP,33 and VSXC25do not. Besides, in the low-
density "strong-interaction$ limit, TPSS recovers32 PKZB
which is very accurate34 for a spin-unpolarized density, while
LSDA and PBE are severely wrong because of their self-
interaction error in the correlation part.

III. BULK SOLIDS

A. Methodology

Our test set includes four basic types of crystalline sys-
tems: 4 main group metals"Li, Na, K, Al$, 5 semiconductors
"diamond, Si,--SiC, Ge, GaAs$, 5 ionic solids"NaCl, NaF,
LiCl, LiF, MgO$, and 4 transition metals"Cu, Rh, Pd, Ag$.
All 18 solids were calculated in their normal crystal struc-
tures"as indicated in Table II$ and non-magnetic states.

The electron density in a crystal is approximately a super-
position of atomic or ionic densities, so localized Gaussian-
type orbitals"GTO$ centered at the nuclei are well suited for
such systems. The problem with GTO basis sets developed
for atomic and molecular calculations is that they have dif-
fuse functions"by which we mean GTOs with exponents of
less than 0.05Ð0.10, depending on the structure type and
lattice constant$. Such functions decay very slowly with dis-
tance and thereby slow down dramatically the evaluation of
Coulomb contributions to the total energy. Normally, diffuse
functions have to be removed and the exponents of the re-
maining valence functions reoptimized. For many non-
metals, molecular basis sets do not have diffuse functions
and are already adapted for the crystalline phase. In particu-
lar, we found that the standard 6-31G* basis remains practi-
cal for C "diamond$, Si, and SiC, while Ge can be calculated
with an even larger 6-311G* basis.50 No relativistic effects
were included in the all-electron calculations. For Rh, Pd,
and Ag we used the LANL effective core potentials48 "ECP$,
which replace 28 core electrons"(Ar)3d10), in combination

with double-zeta quality GTO valence basis sets optimized
for bulk metals.49 Note that the ECPs absorb some relativis-
tic effects. Our Þnal selection of basis sets is documented in
Table II. No auxiliary basis sets for the charge density were
used.

All calculations on solids were performed self-
consistently using a development version of theGAUSSIAN
program.51 The implementation of periodic boundary condi-
tions "PBC$ in the GAUSSIAN program has been described in
detail before.52 In this approach, all terms contributing to the
KS Hamiltonian are evaluated in real space, including the
inÞnite Coulomb summations, which are calculated with the

TABLE I. Satisfaction"Yes/No$ of selected exact constraints by
approximate exchangeÐcorrelation functionals.

Constraint LSDA PBE PKZB TPSS

Global properties
Ex& 0 Y Y Y Y
Ec.0 Y Y N Y
Ec! 0 if /n(r)d3r ! 1 N N Y Y
Exc0# D/n4/3(r)d3r a Y Y YN b Y
Exc! Exc

LSDA , n! ,n" ! const Y Y Y Y
Ex!# U(n) if /n(r)d3r ! 1c N N N YNd

Highest order in# for Ex
GEA e 0 0 2f 4

Highest order in# for Ec
GEA e 0 2 2 2

Spin and density scalingg

Ex(n! ,n" )! 1
2 1+! !" Ex(2n+)h Y Y Y Y

Ex(n2)! 2Ex(n) i Y Y Y Y
Ec(n2) ' 2Ec(n), 2 ' 1i Y Y Y Y
lim2# 3 Ec(n2) '# 3 j N Y Y Y
lim2# 02# 1Ec(n2) '# 3 j Y Y Y Y
lim2# 3 Ex(n2

x ) '# 3 j N N N N
lim2# 0Ex(n2

x ) '# 3 j Y Y Y Y
lim2# 3 Ec(n2

x ) '# 3 j N Y Y Y

Asymptotic behavior
vx(r)# # 1/r , r # 3 N N N N
vx(r) Þnite at the nucleus Y N N YNk

vc(r) Þnite at the nucleus Y N YNl YNl

aThe LiebÐOxford bound"Refs. 17, 35$. 1.44& D& 1.68 "or
& 1.6358ÑRef. 36$.

bY for exchange, N for exchangeÐcorrelation.
cCancellation of spurious electrostatic self-interaction energy in
one-electron systems:U(n)! 1

2 /d3r /n(r)n(r! )/%r# r!%d3r ! .
dY for a one-electron exponential density.
eThe highest correct order in the gradient expansion approximation
"GEA$ for slowly-varying densities. The true GEA is known to
fourth order in# for exchange"Ref. 37$ and to second order for
correlation"Ref. 38$.

fTwo of the three fourth-order terms are also reproduced"Ref. 19$.
gUniform scaling of the density:n2(r)! 23n(2r); non-uniform
scaling:n2

x(x,y,z)! 2n(2x,y,z). See Ref. 39 for a review.
hDerived in Ref. 31.
iDerived in Ref. 40.
jDerived in Ref. 41.
kY for one- and spin-compensated two-electron densities.
lY for one-electron densities.

TESTS OF A LADDER OF DENSITY FUNCTIONALS . . . PHYSICAL REVIEW B 69, 075102 "2004$

075102-3

GGA MGGA

Sun, Jianwei, et at !"# 115

SCAN fulfils all 17 known
constraints

Staroverov, Viktor N., et al !"$ , 69

SCAN is a significant 
improvement on PBE

Ask if you are interested

Functional Mean Error ($%) Mean abs. Error($%)
LDA -0.071 0.071
PBE 0.056 0.061
SCAN 0.018 0.030

From F. Tran, et al Journal of Chemical Physics
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vLDA
xc (r ) =

! E [n]
! n(r )

<latexit sha1_base64="SuXYTS/sWdwejx5HzrOlRNvTuEM="></latexit>

vGGA
xc (r ) =

! E [n, ! n]
! n(r )

+
! E [n, ! n]

! ! n(r )
<latexit sha1_base64="kODV+K9OrHFt0h75bLJEBUI9QrE="></latexit>

Since  &depends on the orbitals, rather 
than the density this isn’t straight-forward

! =
1

2

X

i

|r" i|2
<latexit sha1_base64="eSFCZUIyWhE5a2CxbNRepqW6C2E=">AAACInicbVBNSwMxFMz6WetX1aOXYBE8ld1aUA9CwYvHClaFbi1v02wbzGaX5K1QtvtbvPhXvHhQ1JPgjzGtPWjrQGCYmcfLmyCRwqDrfjpz8wuLS8uFleLq2vrGZmlr+8rEqWa8yWIZ65sADJdC8SYKlPwm0RyiQPLr4O5s5F/fc21ErC5xkPB2BD0lQsEArdQpnfgI6akfamCZl2fVnPomjTqZyH3JQxz6CgIJ1E+MGIta9Po4vLXBTqnsVtwx6CzxJqRMJmh0Su9+N2ZpxBUyCca0PDfBdgYaBZM8L/qp4QmwO+jxlqUKIm7a2fjEnO5bpUvDWNunkI7V3xMZRMYMosAmI8C+mfZG4n9eK8XwuJ0JlaTIFftZFKaSYkxHfdGu0JyhHFgCTAv7V8r6YOtC22rRluBNnzxLrqoV77BSvaiV67VJHQWyS/bIAfHIEamTc9IgTcLIA3kiL+TVeXSenTfn4yc650xmdsgfOF/fiM2lfQ==</latexit>

In FLEUR:
calculate Exc in SCAN and vxc in PBE

<latexit sha1_base64="eJyJSU5Y0+lEKQ3rAbofGv0dyQU=">AAACLHicbZBNSwMxEIazflu/qh69BIvgqeyqYI9qETxJRatCW8psOtVgNrsks2JZ9gd58a8I4kERr/4O04+DVgcCL+8zw2TeMFHSku+/exOTU9Mzs3PzhYXFpeWV4urapY1TI7AuYhWb6xAsKqmxTpIUXicGIQoVXoV31T6/ukdjZawvqJdgK4IbLbtSADmrXaw2CR8oE6BEqoCQ5/y4nT2InA8Bl5qfVw9POeiOY/fjrHZ0nLeLJb/sD4r/FcFIlNioau3iS7MTizRCTUKBtY3AT6iVgSEpFOaFZmoxAXEHN9hwUkOEtpUNjs35lnM6vBsb9zTxgftzIoPI2l4Uus4I6NaOs775H2uk1K20MqmTlFCL4aJuqjjFvJ8c70iDglTPCRBGur9ycQsGBLl8Cy6EYPzkv+JypxzslnfO9koHlVEcc2yDbbJtFrB9dsBOWI3VmWCP7Jm9sXfvyXv1PrzPYeuEN5pZZ7/K+/oGX9SnmA==</latexit>

vMGGA
xc (r ) =

! E [n, ! n, " ]
! n(r )

+
! E [n, ! n, " ]

! ! n(r )
+

! E [n, ! n, " ]
!"

<latexit sha1_base64="VhAC+/GCVSAg4VOysm4V+OdfKFU="></latexit>
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Special class of 
MetaGGAs provides 
' () directly

Optimized for 
specific material 
properties

they showed that these two potentials are quasi-identical
for atoms [20]. In Eq. (1), c was chosen to depend linearly
on the square root of the average ofjr ! j=! :

c ! " " #
!

1
Vcell

Z

cell

jr ! #r0$j
! #r0$

d3r0
"

1=2
; (3)

where" and# are two free parameters andVcell is the unit
cell volume. Minimization of the mean absolute relative
error for the band gap of the solids listed in TableI leads to
" ! % 0:012 (dimensionless) and# ! 1:023 bohr1=2.
Equation (1) was chosen such that the LDA exchange
potentialvLDA

x;$ ! %# 3=%$1=3#2! $ $1=3 is approximately re-
covered (for any value ofc) for a constant electron density.
Indeed,vBR

x;$ ÕvSlater
x;$ , which reduces to#3=2$vLDA

x;$ for a
constant! , while the second term of Eq. (1) [without #3c %
2$] reduces to%#1=2$vLDA

x;$ since t$ ! # 3=20$#3%2$2=3 &
#2! $ $5=3 for a constant! . Forc ! 1 the original BJ poten-
tial is recovered [20]. We mention that it was shown in
Ref. [28] that due to the second term in Eq. (1), the BJ
potential reproduces very well the step structure and de-
rivative discontinuity of the exact exchange potential,

which is an important result since only semilocal quantities
are used. The BJ potential was also studied in Ref. [29].
Correlation effects were taken into account by adding a
LDA correlation potential [2] to vMBJ

x;$ (MBJLDA); how-
ever, in Ref. [19] we showed that adding LDA correlation
to the BJ potential has a relatively small effect.

Varying c in Eq. (1), we observed that for all studied
solids the band gap increases monotonically with respect to
c, and since the values obtained withc ! 1 are for all cases
too small with respect to experiment [19], a larger value for
c leads to better agreement with experiment. More speciÞ-
cally, for solids with small band gaps,copt (the value ofc
which leads to a perfect agreement with experiment) lies
within the range 1.1Ð1.3, while for large band gaps,copt is
larger (1.4Ð1.7). Therefore, our goal was to Þnd a property
of the systems which could uniquely deÞne a value forc
close tocopt. Such a property could, e.g., be the dielectric
constant, but Þnally we got inspired by Ref. [30] where it is
proposed to use the expression! ! &jr ! j=! for the
parameter! which deÞnes the separation between short-
and long-range exchange in the screened hybrid functional
HSE [4]. Among the different possibilities we have tried,
Eq. (3) is the one which leads to the most satisfying results.
Note that sincevBR

x;$ ÕvSlater
x;$ andvSlater

x;$ is an average of the
Hartree-Fock potential [22], Eq. (1) can be seen as a kind
of ÔÔhybridÕÕ potential whose amount of ÔÔexact exchangeÕÕ
is given byc.

Table I and Fig.1 show the results obtained with the
LDA and MBJLDA potentials for the fundamental band
gap of 23 solids. We used theWIEN2K package [31] which
is based on the full-potential (linearized) augmented plane-
wave and local orbitals [FP-#L$APW " lo] method (see
Ref. [32] and references therein). For comparison pur-

TABLE I. Theoretical and experimental fundamental band
gaps (in eV). The structure is indicated in parenthesis. For
comparison, results from the literature which were obtained
by other methods are also shown (HSE03, HSE06,G0W0, and
GW). The experimental values were taken from
Refs. [4,7,10,14,18,23Ð26].

Solid LDA MBJLDA HSE G0W0 GW Expt.

Ne (A1) 11.42 22.72 19.59e 22.1g 21.70
Ar (A1) 8.16 13.91 10.34a 13.28e 14.9g 14.20
Kr (A1) 6.76 10.83 11.6
Xe (A1) 5.78 8.52 9.8
C (A4) 4.11 4.93 5.49b 5.50e 6.18g 5.48
Si (A4) 0.47 1.17 1.28b 1.12e 1.41g 1.17
Ge (A4) 0.00 0.85 0.83b 0.66f 0.95g 0.74
LiF (B1) 8.94 12.94 13.27e 15.9g 14.20
LiCl (B1) 6.06 8.64 9.4
MgO (B1) 4.70 7.17 6.67b 7.25e 9.16g 7.83
ScN (B1) %0:14 0.90 0.95f 1.4h ' 0:9
MnO (B1) 0.76 2.95 2.8c 3.5i 3:9 ( 0:4
FeO (B1) %0:35 1.82 2.2c 2.4
NiO (B1) 0.42 4.16 4.2c 1.1f 4.8i 4.0, 4.3
SiC (B3) 1.35 2.28 2.40b 2.27e 2.88g 2.40
BN (B3) 4.39 5.85 5.99b 6.10e 7.14g ' 6:25
GaN (B3) 1.63 2.81 3.14b 2.80e 3.82g 3.20
GaAs (B3) 0.30 1.64 1.12b 1.30e 1.85g 1.52
AlP (B3) 1.46 2.32 2.51b 2.44e 2.90g 2.45
ZnS (B3) 1.84 3.66 3.49b 3.29e 4.15g 3.91
CdS (B3) 0.86 2.66 2.25b 2.06e 2.87g 2.42
AlN (B4) 4.17 5.55 5.81b 5.83f 6.28
ZnO (B4) 0.75 2.68 2.49d 2.51f 3.8g 3.44

aHSE06, erratum of Ref. [10].
bHSE03, supplementary material of Ref. [4].
cHSE03 [26]. dHSE06 [27]. eReference [17]. fReference [15].
gReference [18]. hReference [16]. iReference [14].
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FIG. 1 (color online). Theoretical versus experimental band
gaps. The values are given in TableI (Ne is omitted).

PRL 102, 226401 (2009) P H Y S I C A L R E V I E W L E T T E R S
week ending
5 JUNE 2009

226401-2

TB09 provides an 
accurate Band gap 
prediction

TB09    

Ask if you are interested
F. Tran PRL102,226401 (2009)
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DFT Heaven

Local density approximation

Meta-GGA

Generalized gradient approx.

Hybrid

GW, RPA

n(r)
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DFT Heaven

Local density approximation
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Generalized gradient approx.
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GW, RPA
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 (r1, r2, r3, . . . rp) =  ↵ (r1) � (r2) � (r3) . . . ⇡ (rp)
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Hartree-Fock Problems
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Figure 4. Relative error in the PBE, PBE0, HSE03, and B3LYP lattice constants with respect to experiment.

Figure 5. Relative error in the PBE, PBE0, HSE03, and B3LYP bulk moduli with respect to experiment.

Table 1. Mean error ME (ûA), mean absolute error MAE (ûA), mean
relative error MRE, and mean absolute relative error MARE, in the
PBE, PBE0, HSE03, and B3LYP lattice constants with respect to
experiment.

PBE PBE0 HSE03 B3LYP

All solids

ME 0.038 0.006 0.012 0.046
MAE 0.044 0.022 0.024 0.053
MRE (%) 0.8 0.1 0.2 1.0
MARE (%) 1.0 0.5 0.5 1.2

No metals (SiÐLiF)

ME 0.047 0.002 0.009 0.042
MAE 0.047 0.020 0.022 0.042
MRE (%) 1.0 0.0 0.1 0.8
MARE (%) 1.0 0.4 0.5 0.8

The aforementioned overall overestimation of the lattice
constants and corresponding underestimation of the bulk
moduli is present in the PBE0 and HSE03 results as well (see
Þgures4 and5, and tables1 and2), though to a considerably
lesser degree (lattice constants: MARE(PBE0) = 0.5%,
MARE(HSE03) = 0.5%, compared to MARE(PBE) =
1.0%). The best description of the structural parameters of
the materials in the present test set is obtained using the PBE0
hybrid functional, closely followed by the (computationally
advantageous) HSE03.

The B3LYP results, on the other hand, present a slight
deterioration with respect to those obtained using the PBE
density functional (lattice constants: MARE(B3LYP) = 1.2%

Table 2. Mean error ME (GPa), mean absolute error MAE (GPa),
mean relative error MRE, and mean absolute relative error MARE, in
the PBE, PBE0, HSE03, and B3LYP bulk moduli with respect to
experiment.

PBE PBE0 HSE03 B3LYP

All solids

ME −12.3 −0.1 −2.6 −13.3
MAE 12.3 7.9 8.6 13.7
MRE (%) −9.8 −1.2 −3.1 −10.2
MARE (%) 9.4 5.7 6.4 11.4

No metals (SiÐLiF)

ME −13.3 2.0 0.5 −7.7
MAE 13.3 5.4 5.9 8.1
MRE (%) −10.4 −0.7 −1.8 −6.8
MARE (%) 10.4 3.8 4.6 7.4

versus MARE(PBE) = 1.0%). As is evident from Þgures4
and5, this is mostly due to a poor description of the d metals
(Cu, Rh, Pd, and Ag).

4.2. Thermochemistry

4.2.1. Atomization energies. Figure 6 shows the relative
errors in the PBE, PBE0, HSE03, and B3LYP atomization
energies with respect to experiment, for the materials in our test
set. The corresponding statistical results (ME, MAE, MRE,
and MARE) are given in table3.

As the latter shows, the overall description of the
atomization energies of our set of systems is best at the PBE

5
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Figure 4. Relative error in the PBE, PBE0, HSE03, and B3LYP lattice constants with respect to experiment.

Figure 5. Relative error in the PBE, PBE0, HSE03, and B3LYP bulk moduli with respect to experiment.

Table 1. Mean error ME (Å), mean absolute error MAE (Å), mean
relative error MRE, and mean absolute relative error MARE, in the
PBE, PBE0, HSE03, and B3LYP lattice constants with respect to
experiment.

PBE PBE0 HSE03 B3LYP

All solids

ME 0.038 0.006 0.012 0.046
MAE 0.044 0.022 0.024 0.053
MRE (%) 0.8 0.1 0.2 1.0
MARE (%) 1.0 0.5 0.5 1.2

No metals (Si–LiF)

ME 0.047 0.002 0.009 0.042
MAE 0.047 0.020 0.022 0.042
MRE (%) 1.0 0.0 0.1 0.8
MARE (%) 1.0 0.4 0.5 0.8

The aforementioned overall overestimation of the lattice
constants and corresponding underestimation of the bulk
moduli is present in the PBE0 and HSE03 results as well (see
figures 4 and 5, and tables 1 and 2), though to a considerably
lesser degree (lattice constants: MARE(PBE0) = 0.5%,
MARE(HSE03) = 0.5%, compared to MARE(PBE) =
1.0%). The best description of the structural parameters of
the materials in the present test set is obtained using the PBE0
hybrid functional, closely followed by the (computationally
advantageous) HSE03.

The B3LYP results, on the other hand, present a slight
deterioration with respect to those obtained using the PBE
density functional (lattice constants: MARE(B3LYP) = 1.2%

Table 2. Mean error ME (GPa), mean absolute error MAE (GPa),
mean relative error MRE, and mean absolute relative error MARE, in
the PBE, PBE0, HSE03, and B3LYP bulk moduli with respect to
experiment.

PBE PBE0 HSE03 B3LYP

All solids

ME −12.3 −0.1 −2.6 −13.3
MAE 12.3 7.9 8.6 13.7
MRE (%) −9.8 −1.2 −3.1 −10.2
MARE (%) 9.4 5.7 6.4 11.4

No metals (Si–LiF)

ME −13.3 2.0 0.5 −7.7
MAE 13.3 5.4 5.9 8.1
MRE (%) −10.4 −0.7 −1.8 −6.8
MARE (%) 10.4 3.8 4.6 7.4

versus MARE(PBE) = 1.0%). As is evident from figures 4
and 5, this is mostly due to a poor description of the d metals
(Cu, Rh, Pd, and Ag).

4.2. Thermochemistry

4.2.1. Atomization energies. Figure 6 shows the relative
errors in the PBE, PBE0, HSE03, and B3LYP atomization
energies with respect to experiment, for the materials in our test
set. The corresponding statistical results (ME, MAE, MRE,
and MARE) are given in table 3.

As the latter shows, the overall description of the
atomization energies of our set of systems is best at the PBE

5
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ref 9), and the basis sets of ref 9 are used for the rest of the
compounds. However, while we had no problems computing
band gaps for all of these compounds with HSE, some of the
global hybrid calculations (particularly PBE0) were too
expensive or too difficult to converge, even when starting
from a converged HSE guess. Inaccuracies in building an
approximate Fock matrix for full-range hybrids make these
calculations harder to converge, especially for compounds with
smaller gaps.14 We were thus unable to obtain results for all 41
compounds with global hybrids. The calculated vs experimental
band gaps for the 27 compounds for which all four functionals
successfully converged are shown in Figure 1 (see detailed data

in the Supporting Information). Various statistics of the error
(which we shall discuss in short and are a compilation of those
presented in ref 10) for these calculations and for all of the
compounds for which each functional converged are
summarized in Table 1. As shown by the insignificant changes
(∼0.01−0.03 eV) in the different error measures when
increasing the size of the benchmark set (from 27 to 41 for
HSE, 37 for B3PW91, and 34 for B3LYP), the 27 compounds
for which all four functionals converged are representative
enough to get accurate estimates of the expected deviations
from experiment for each functional.
The first thing that is noticeable from Figure 1 is that the

four functionals follow the same, fairly linear, trend. Results
from HSE, B3LYP, and B3PW91 are close together; the latter
two in particular give extremely similar band gaps. This is most
likely due to the incorporation of similar amounts of HF
exchange; B3LYP and B3PW91 both have 20% full-range

nonlocal exchange, while HSE includes 25% but only in the
short-range. Inclusion of larger fractions of exact exchange
increases the calculated band gaps: PBE0 includes 25% full-
range HF exchange, which leads to an overestimation of the
band gaps as compared to experiment and the other
functionals; however, all four functionals underestimate very
large insulator band gaps and follow the linear trend mentioned
above. In fact, if one fits the data in Figure 1 to a linear
function, the slopes for the four hybrids differ by no more than
about 3% (see Table 1). HSE, however, has a linear fit intercept
much smaller than that of the global hybrids (0.36 eV as
compared to 0.65, 0.63, and 0.95 eV for B3PW91, B3LYP, and
PBE0, respectively), indicating better agreement with the
experimental data.
We now discuss the different error measures in Table 1. The

first two, the mean error (ME) and the mean absolute error
(MAE), are some of the most widely used error measures in
quantum chemistry. The ME shows that HSE has a tendency to
underestimate band gaps (−0.24 eV), while B3PW91 and
B3LYP slightly overestimate (0.14 and 0.13 eV, respectively),
and PBE0 significantly overestimates (0.43 eV). On the basis of
MAE, HSE predicts band gaps closer to experiment (MAE =
0.37 eV) and is closely followed by B3PW91 and B3LYP (0.44
eV for both). PBE0 has the worst MAE (0.59 eV) mainly due
to the aforementioned tendency to overestimate band gaps. In
terms of the mean absolute percent error (MAPE), HSE also
comes out better (16%) than the other hybrids (27, 23, and
45% for B3PW91, B3LYP, and PBE0, respectively). The lower
MAPE of HSE as compared to that of the other hybrids is more
notable than its lower MAE, in part because the average error
for HSE is increased substantially by the errors for the high
band gap compounds; if the very large band gap (i.e., more than
∼8 eV) compounds are excluded, the MAEs for HSE, B3PW91,
B3LYP, and PBE0 are 0.26, 0.37, 0.36, and 0.57 eV,
respectively. Furthermore, if we consider only typical semi-
conductors for which low-temperature experimental band gaps
are available (group 1 of the SC40 set; see ref 7), the MAEs (in
the same order) are 0.18, 0.32, 0.31, and 0.55 eV, and the
MAPEs are 17, 33, 26, and 62. We also report in Table 1 the
standard deviations (SDs) of the error; a perfect approximation
would have zero ME and zero SD. However, no significant
difference is observed between the SDs of the hybrids; the
largest difference is 0.05 eV between HSE and PBE0. Note also
that the functional with the worst ME and MAE, PBE0, has the
smallest SD. Thus, as has been pointed out by Savin et al.,10,11

using different error measures to judge the quality of a
functional can lead to contradictory results.

Figure 1. Calculated vs experimental band gaps for the functionals
studied here.

Table 1. Different Band Gap Prediction Error Measures for the Four Functionals Studied Here

expt. HSE B3PW91 B3LYP PBE0

size of test set 27 41 27 37 27 34 27

mean error 0 −0.24 −0.21 0.14 0.12 0.13 0.16 0.43
mean absolute error 0 0.37 0.38 0.44 0.41 0.44 0.47 0.59
mean absolute percent error 0 16 15 27 26 23 25 45
standard deviation 0 0.55 0.54 0.53 0.51 0.56 0.56 0.50
median 0 −0.06 −0.07 0.33 0.29 0.19 0.27 0.63
median absolute deviation 0 0.21 0.27 0.25 0.29 0.34 0.3 0.14
interquartile range 0 0.49 0.50 0.57 0.55 0.69 0.73 0.43
linear fit slope 1 0.79 0.87 0.82 0.82 0.82 0.81 0.82
linear fit intercept 0 0.36 0.23 0.65 0.65 0.63 0.70 0.95
Kendall τ correlation 1 0.85 0.88 0.85 0.88 0.84 0.85 0.86
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HSE:
Mean Error: -0.24 eV 
Mean abs. Error: 0.37 eV (16%)

PBE0:
Mean Error: 0.43 eV
Mean abs. Error: 0.59 eV (45%)

B3LYP:
Mean Error: 0.16 eV
Mean abs. Error: 0.47 eV (25%) 

Garza, Alejandro J. et al, %&'(&'!)*+,-47 /)28,+56*'#25526+, vol. 7, no. (2016)

HSE & PBE0 are implemented in FLEUR (Ask us)



SUMMARY
• Confusing amount of functionals
• Some properties are described well 

with semi-local methods
• Lattice constant
• Bulk modulus

• For some properties semi-local functionals fail:
• Band gap

• Use hybrid for improved accuracy
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Right results for the right reasons

Next talk:


