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Density functional theory (DFT)

Kohn-Sham (KS) equations:
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Exchange and correlation potential
Approximations: LDA, GGA

= realp(r) =2 Ejp]



Density functional theory (DFT)

Kohn-Sham (KS) equations:

5V v (1) v ()| Gkl +

Use ) (1) Pric (r)

l

#) 0LICH

FORSCHUNGSZENTRUM!

= €nk ¢nk (I‘)

Exchange and correlation potential
Approximations: LDA, GGA

—~ 9 —_—
> g |LDA © _
Q 7t Z -
> | o2 Q%]
- 6 (4] EZ
- i ‘0 ° .
Q 4 n S° ° ®
© o g O
S 3 FO
8 1_0(/) ..
L Q
|— O ‘,., , | . ) !

o 1 2 3 4 5 6 7 8 9

Experimental band gap (eV)



Density functional theory (DFT) #)0LICH

FORSCHUNGSZENTRUM!

Kohn-Sham (KS) equations:

5V e (1) + 001 (5) | G () e (71060 |= e

l

Exchange and correlation potential
Approximations: LDA, GGA

—~ 9 : :

% 8_LDA @

g GW e - s !

o 77 O
Om Qs

S 6 o 23

- 2 o

Q gy N c O P

© v 5 O e

S 3 < O 1+

@ 2 0=0 ® °

8 1-0(/). N ®

= 0

— 0 o9

o 1 2 3 4 5 6 7 8 9
Experimental band gap (eV)



Density functional theory (DFT)

Kohn-Sham (KS) equations:
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Exchange and correlation potential
Approximations: LDA, GGA

Many-body Schrodinger equation:

B 1 1
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Green function

Central quantity is the single-particle Green function
(probability amplitude for the propagation of a particle) p

G(r,r'st —t') = —i{q [TT(r, )T (', )] 7)) __

which contains poles at the excitation energies of the
many-electron system (photoelectron spectroscopy),

seen by Fourier transformation ¢t — ¢’ — w

N—I—lr N+1x r/ N—lr N —1x r’
G iw) =3 ¥ (*)¢n ()+Z n (B ()

w—E»,]LVH—I—in

n

inverse direct

Excitation energy measured in photoemission spectroscopy
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Feynman diagrams

Self-energy: sum over all
scattering diagrams
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Dyson equation

G=Gy+ G 0+ Go2Go2Go + Go2XGoXGo2Go + ...

2 is the electronic self-energy (scattering potential).

The Dyson equation can be rewritten as the quasiparticle equation

—=V? 4 Vet (T - excitation energies (real part)

1 n(r') complex energy contains
5 )+/—‘r_r,|d3fr’
» excitation lifetimes (imaginary part)

/

A ;
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Self-energy

weak
quasiparticle
interaction W

strong
electron
interaction v

Expansion up to linear order

in Coulomb interaction v —> %HF=jG,v  (Hartree-Fock)

in screened interaction W —> X6W= G ,W (GW approximation)

The GW approximation contains electron exchange and a large part of

electron correlation.
W (e, v'; 1) =iGo(r, ;)W (x,x'; 7 + 1)
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Self-energy .
virr’ + +
r v(rr r
W(r,r" + + /Quasiparticle

W(I', I'/) — U(I‘, I'/) —+ /U(I‘, r//)nind(rﬂ, I'/) d37"//
| |
!
W=v+vPv+vPvPv+vPvPvPv+ ... =v+vPW

Random-phase approximation

Y =1GW = 1Gv + 1GvoPv + 1GuvPvPv + ...
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Hedin equations

Lars Hedin, 1965 1= (r1,01,t1),2=..

5G(45)
P(12) = / / G(41) d3 d4

12
[(12:3) = §(12)5(13) /// ) G(56)T(67: 3)G(74) d4.d5 d6 d7

W (12) = v(12) // 13)P(34)W (42) d3 d4

»(12) —z/ G(13)W(174)'(32;4) d3 d4

G(12) = Go(12) / / Go(13)2(34)G(42) d3 d4

GW approximation corresponds to the 1stiteration starting from Z=0:
['(12;3) = §(12)4(13)

P(12) = —iG(12)G(21)

¥(12) = iG(12)W (112)
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Dyson equation =» quasiparticle equations: true excitation

X energies
o o))+ [ SOV ('S B UG8 = Bt v
DFT: ho(r)pd (r) + Ve (0)Pkn () = €y Prn(T)

energies of a
fictitious system

Similarity motivates the use of perturbation theory

Egn = cten + (05n 25" (Bign) — v5°|#n) direct

solution

Y(E)=X(e) + X' (e)(E —¢)

G linearized
ElZn — ef‘{n + Zlin <90kn‘2 W(ekn) ?C’SOICEW) solution

L o o G
renormal'zf:gg; an — (1 o <90kn‘2, W(Ekn)|gpkn>)

—1




Implementation
Basis sets

Dyson equation =» quasiparticle equations:
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true excitation
energies

Gw:  ho(r)yg, (r) + / SV (r, s B )YE, () dPr’ = B0, (r)

|
Basis set for wavefunctions

Pkn (I‘) — Z Cﬁn Cku(r)
3
Gaussians

Plane waves (Pseudopotential)
PAW

LMTO

FLAPW

XC

U (D)ekn () = € Pin (1)
energies of a
fictitious system

Basis set for wavefunction products
gOl*{n(I‘)QOk/n/ (I') — Z Cﬁk’nn’ fkk/,/(r)
174

Auxiliary Gaussian set (density fitting)

Plane waves

Plane waves

Product basis

Mixed pI’OdUCt basis spex.inp: section “MBASIS”.
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FLAPW method SPEX

@ @ @ @ www.flapw.de/spex
Interstitial region: - _ Muffin-tin (MT) spheres:
interstitial plane numerical MT functions
= DOEE) mer

cutoff | < [ ax

In our GW implementation we use the mixed product basis, generated from
the products of (1) interstitial plane waves (cutoff G’

max)

ei(k+G)r€i(k/—|—G/)r _ 6i(k+k’+Gr+Gr’)]r-

—
and (2) MT functions (cutoff /' max

) -> G ..=2G
max

ip (1) (1) Yig (£)Yirm (T)
uptol+l' = [' =2I

max max

T. Kotani and M. van Schilfgaarde,
Solid State Commun. 121, 461 (2002).
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Mixed product basis

1.28
322 | I
32 {124 _
1 c 1.22 s
— 3. hr 2 318 | |
Grax = 3.6 bo E |
T 316} T
/ O 1118 2
exact Gmax = 2Gmax < ) 16 =
/ | 1 1.14
converged G ... ~ 0.75 Gpax e/ o
15 2 25 3 35 4 45 5
" . 13 ” , _1
spex.inp: keyword “GCUT”. Glhax (bohr™)
3.24
1 128
322 |
l S | + 1.26
p— ’ 1 1.24
max < o
3 318y {12 3
/ 2 316 | | 2
_ - &
exact lmaX — 2lma:x; NI ST {118 1
, zo312| | 116 é
Converged lmax ~ 0.63 lmax = 31 f { 1.14
3.08 | 1112
3.06 {11
spex.inp: keyword “LCUT".
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Exchange Self-energy

The self-energy can be decomposed into an exchange and a correlation term:

—

YEW (W) = iGoW = iGov + iGo(W —v) = ¥* — X¢(w)
The exchange contribution is given analytically by the Hartree-Fock expression
SX(r, v —n) = iG(rt, v't + n)u(r,r') = (O[Tt + n)db(rt) [T Yo (r, ')

Density matrix
n(r,r') =3 en(r)en(r’)

OCC.

<90m‘EX’90m’> — Z // 90;5,6(I‘)gpn(r)v(r7 r/)@:(r/)gpm/<r/) dg’l“ dST/

L’?
\ y 1=/ |Mp)(M

N
e, O—

“— Pken (1) PRy qne (1)
\




Implementation
Imaginary-frequency formulation

A
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spex.inp: keyword “MESH”.

J

spex.inp: keyword “NBAND”.
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The quantities (e.g. the polarization
function P) are much smoother along the
imaginary frequency axis than along the

real axis.

spex.inp: keyword “HILBERT".

N\

Poles of P
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e (i) = — / 7 Golw + oYWW' )dw!

2T

—00
Analytic Continuation Contour integration
, 1 > . N N '
¥ (iw) = 5 Go(iw + iw" )W (iw")dw ¥(w) = ZL /Go(w + W YW (W) dw'
— 00 T
$ie $i0)
spex.inp: keyword “CONTINUE”. spex.inp: keyword “CONTOUR”.
Poles of G \ Poles of G
> /‘ e g
/ @ Poles of W @
Poles of W
« Easy to implement « Accurate evaluation of 2°

« Fast computation
« More parameters necessary

« Analytic continuation critical . Takes more time



Applications
Bulk Silicon
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 Si was the first material to which GW was
applied (Hybertsen, Louie 1985; Godby,
Schluter, Sham 1986).

* The one-shot G/ calculation yields more
accurate band gaps:

DFT GW exp.
direct: 253 3.20 3.40 eV
indirect: 047 1.04 1.17 eV

» Quasiparticle self-consistent GW (QSGW)
tends to overestimate the gaps:

QSGW
direct; 3.60 eV
indirect: 1.34 eV
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Band convergence

Scattering into unoccupied states

spex.inp: keyword “NBAND”.
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Zinc Oxide - band convergence

Large scatter of band-gap values from one-shot GW calculations (exp: 3.4 eV):
2.44 eV (FLAPW) [M. Usuda et al., Phys. Rev. B 66, 125101 (2002)]

2.12 eV (PAW) [M. Shishkin and G. Kresse, PRB 75, 235102 (2007)
2.14 eV (PAW) [F. Fuchs et al., Phys. Rev. B 76, 115109 (2007)]
26eV (PW-PP) [P. Gori et al., Phys. Rev. B 81, 125207 (2010)]
but then:
3.4 eVl (PW-PP) [B.-C. Shih et al., Phys. Rev. Lett. 105, 146401 (2010)]
Kinetic Energy of the Highest Conduction Band (Ry) w
3.6 — 2.0, o2 de =0 = o7 36F . - . e — 80 Ry
> éoccup|ed — 1 s R § s 20 Ry
3.4} o=
3.2 " i @ 8- v 20 Ry
g 3 g 32}
% . ‘;” °T S ) |-
i “ 28} _,-""’r false convergence in the case of -
24 4 " underconverged W
22} «——— “standard”: 200 bands 267
"0 500 1000 1500 2000 2500 9000 = 0 500 1000 1500 2000 2500 3000

Number:of.Conduction:Bands:in GoulombHole:Calculation Number of Conduction Bands in Coulomb Hole Calculation
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GW for metals

semiconductor

The polarization function is sum over virtual transitions in
the non-interacting reference system.

‘ OCC unocc 1

P k — ...
I \ | 77 (k,w) ZZ Y <W+€gm_€ﬁ+qn/+i77 )
Ny !




Applications
GW for metals

metal
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The polarization function is sum over virtual transitions in
the non-interacting reference system.

occ unocc 1
P[ka Y?Y <w+€gn_ = ; —)

o,q n 6k—l—qn’ +

Virtual transitions of zero energy
just across the Fermi surface
produce the Drude term

2 2
k Wpl

w(w +in)

Pkgzad(kv Zw) ™~
for k=»0.
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Sodium

« Vanishing of the density of states at the
Fermi energy in HF is exactly
compensated by the GW correlation
self-energy.

« GW band width smaller than KS band
width due to increased effective
(quasiparticle) mass.

Energy (eV)
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SPEX

Hybrids (PBEO, HSE)  OEP (EXX)

RPA total energy

QSGW
Dielectric function
GSOCysoc GW
Bethe-Salpeter eq.
Hubbard U (magnons)
(LDA+U, DMFT)
GT self-energy

Wannier functions coHSEX

(interpolation) Hartree-Fock
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Summary

Excitation energies and lifetimes of the (N+1) and (N-1)-electron
system can be readily obtained from the one-particle Green function.
These excitation energies form the band structure in solids.

The Green function obeys an integral Dyson equation which may be
rewritten as a quasiparticle equation with the self-energy as a
scattering potential that takes into account all exchange and
correlation effects beyond the Hartree potential.

The GW approximation constitutes the expansion of the self-energy
up to linear order in the screened interaction W.

It is usually implemented as a perturbative correction on a DFT band
structure. But a self-consistent solution (QSGW) is possible, too.



