
DENSITY FUNCTIONAL THEORY

12 APRIL 2021  I  STEFAN BLÜGEL

A brief reminder of what you know already
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QUANTUM MECHANICS


� ~2

2m
� + V (x)

�
 (x) = E (x)

Ø Wavefunction based theory 

E. Schrödinger (1926), Annalen der Physik, 361-377

Schrödinger equation 

„In physics and other sciences, theoretical work is said to be from first principles,
or ab-initio, if it starts directly at the level of established science and does not
make assumptions such as empirical model and parameter fitting.“

First-principles theory 

I am sure many of you have solved the Schrödinger 
equation for 1 electron once analytically

s-state

p-state
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Hamiltonian of many electrons 
<latexit sha1_base64="x+h22g5SZpDBbX8s7Z1RJlKsqpM="></latexit>
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Atomic units (Bohr radius                         , Hartree energy                 )
<latexit sha1_base64="xySxpWDJoOUVob9f5HjTkkCVZmI="></latexit>

a0 = !2/(me2)
<latexit sha1_base64="8Z2/xd0thhXFCCvrVI+3Av9TBXQ="></latexit>

= me4/!2

Solution: Many body wave function  
<latexit sha1_base64="f4S7JWXJjHAorwCbFd6FUQqXKxs="></latexit>

ψ(r1, ... , rN , ... ) = ψ({ri}|{Rn})
O OC

CO2 molecule

(8 + 6 + 8 ) x 3 =66

Mean	RMT	
STD	RMT	
#	Alloys	

	

Mean	Muffin-3n	
Radius	(RMT)	

Periodic table of 
chemical elements

• 0th Order kinetic approx.
• Adiabatic approximation
• Matter as spatial structure
• Ions at fixed positions

QUANTUM MECHANICS OF MANY ELECTRONS
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MANY-BODY PROBLEM: TOO COMPLICATED
TO SOLVE!

P.M.A. Dirac

P. A. M. Dirac, Proc. Camb. Phil. Soc. 26, 376 (1930)
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APPROXIMATE SOLUTION
Use variational ansatz for unknown wave function

Rayleigh-Ritz variational principle
<latexit sha1_base64="TrNGo/7FdmibJI/6NJ08St1dvIk="></latexit>

E = min
ψ

〈ψ|H|ψ〉
〈ψ|ψ〉 ≥ E0

Throw in ansatz with strong physical intuition 
plus flexible functional form and parameters

<latexit sha1_base64="J1Xq0tS6VdKEL/O4ustAIy6Jbmg="></latexit>

E({!Rn}) = min
ψ

〈ψ|H({!Rn})|ψ〉
〈ψ|ψ〉 ≥ E0({!Rn})Ansatz: Slater determinant of independent single particle wave function

including antisymmetry of many body wave function explicitely

John C. Slater

 Slater(x1 ... xN ) =
1p
N!

�������

 1(x1) ...  1(xN )
...

. . .
...

 N (x1) ...  N (xN )

�������

=
1p
N!

X

P

(�1)PP ( 1(x1) ... N (xN )) . (1)J.C. Slater, Phys. Rev. 35, 210 (1930)

<latexit sha1_base64="FcT3OdlVqWDLasPVGSq4IaXLFqY="></latexit>xi = riσi
<latexit sha1_base64="d6M1AyVp1QCUFTf4Ul+9rbgUWnM="></latexit>

ψi (rjσj ) = φjσ(rj )χ(σj )
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HARTREE-FOCK APPROXIMATION

<latexit sha1_base64="sqbwD1AZT221S1qeEudUmndpWCY="></latexit>

E = min
ψ

〈ΨaH�i2`|H|ΨaH�i2`〉

Minimize Energy 

under constraint that 
<latexit sha1_base64="CakU8UjnPjechrN9kgJQNZ0JQOY="></latexit>

〈ψi |ψi〉 ∀i ∈ Q++X bi�i2b
<latexit sha1_base64="bULw4imwX475BE+Eoyh5fPGblGQ="></latexit>
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<latexit sha1_base64="qiItVkwXeS2tVlsiyAnQJZ4FwM8="></latexit>

−
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<latexit sha1_base64="ni11KXI8GB9DYsPahrHUMf+fX8k="></latexit>∫
dV ′ n(r′)

|r − r′|

<latexit sha1_base64="A9CyIhQdKHU2fTQENcAk1+yNUA4="></latexit>

n2(r; iσ) =
∑

i′σ′

φ∗
iσ(r)φi′σ′ (r)φ∗

i′σ′ (r ′)φiσ(r ′)
φ∗

iσ(r)φiσ(r)

<latexit sha1_base64="1wDR6vCC13mYgifKAXZ0JEjyWSk="></latexit>∫
dV ′ n2(r; iσ|r′)

|r − r′|

Hartree-Fock Equations 
<latexit sha1_base64="SdB7C3oiB4dkyOhsZXuqlUbOPTc="></latexit>(
− !2

2m
∇2 + V2ti(r) + V>�`i`22(r) − V2t(r; iσ)

)
φiσ(r) = εiσφiσ(r)

Ø Vex is a potential that 
acts only at the state of 
same spin

Ø Solution is a self-
consistency problem 

D.R. Hartree, Proc. Camb. Phil. Soc. 24, 89, 111 (1928)
V. Fock, Z. Physik 61, 126 (1930)

Vladimir Fock
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THOMAS-FERMI APPROXIMATION

① Interpret total energy as functional of density E{n}
② Describe kinetic energy in terms of density dependent kinetic energy of 

homogeneous electron gas. Replace constant density n in                

§ by slowly varying density n(r) (a local density approximation !)

ØEnergy functional

T = N
3
5
~2k2

F
2m

=
3

10
(3⇡2)

2
3
~2

m
V (n)

5
3

L.H. Thomas, Proc. Camb. Phil. Soc. 23 (5), 542 (1927)
Enrico Fermi, Rend. Accad. Naz. Lincei. 6, 602 (1927)
C.F. von Weizsacker, Z. Phys. 96, 431 (1935)

<latexit sha1_base64="fv4J6EJ1oaWC9pS9WlFpnexOf0o="></latexit>
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Argon atom
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<latexit sha1_base64="6WIsuNHmBole7RoO5YdxwT7/7qw="></latexit>
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DENSITY FUNCTIONAL THEORY
HOHENBERG-KOHN THEOREMS
P. Hohenberg, W. Kohn, Phys. Rev. 136, B864 (1964)

Hohenberg und Kohn establish the density as a basic variable in quantum mechanics
Known: the external potential and the number of electrons determine uniquely the charge density n

Theorem 1: For a given external potential V, the ground-state properties of a system  
are uniquely determined by the electron density alone, i.e. they are functionals of the  
density. 

Theorem 2: The exact ground-state density minimizes the energy functional E[n(r)]
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DENSITY FUNCTIONAL THEORY
HOHENBERG-KOHN THEOREMS
P. Hohenberg, W. Kohn, Phys. Rev. 136, B864 (1964)

Hohenberg-Kohn-Theorem 1:
G is invertable

per construction surjective

<latexit sha1_base64="nuNYLBarLReYkNKw8jNh3sOO6eQ="></latexit>

F1 ◦ F2 := G : V (r) "−→ n(r)

<latexit sha1_base64="38FOFiHsZNRFlTsrA6ZnWACRYus="></latexit>

F1 : V (r) !−→ ψ

F2 : ψ !−→ n(r)

}
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PROOF OF HK-THEOREM 1: V[n]
Proof:  By reducis ad adsurdum

We have to show 

Assume 2 systems with            map to the same density n
<latexit sha1_base64="DlUqcXhnXoYjkp0CDLwxWoISy7Y="></latexit>

Ψ != Ψ′

<latexit sha1_base64="HucgbcYrEGLru98O9VU4nz8C/tE="></latexit>

= E ′ +
∫

/r n′(r)
(
V (r) − V ′(r)

)

<latexit sha1_base64="CaeOMfqbYCdi0/kP6xD2loRZSkU="></latexit>

A : E = 〈Ψ|H|Ψ〉 < 〈Ψ′|H|Ψ′〉 = 〈Ψ′|H ′ + H − H ′|Ψ′〉 = 〈Ψ′|H ′ + V − V ′|Ψ′〉
<latexit sha1_base64="FGb5LDWgJ87+JXoiq7Um2FdWvKI="></latexit>

= 〈Ψ′|H ′|Ψ′〉 + 〈Ψ′|V − V ′|Ψ′〉

<latexit sha1_base64="0Ya96/alRSKVOjO8sNRAcCLyJ6Y="></latexit>

= E +
∫

/r n(r)
(
V ′(r) − V (r)

)

<latexit sha1_base64="NmBx8LVYbmwK1ava++pkV9TtEoE="></latexit>

= 〈Ψ|H|Ψ|〉 + 〈Ψ|V ′ − V |Ψ|〉

<latexit sha1_base64="gu9iYg29mLvahWzSdG6CQ6ItIu4="></latexit>

AA : E ′ = 〈Ψ′|H ′|Ψ′〉 < 〈Ψ|H ′|Ψ〉 = 〈Ψ|H + H ′ − H|Ψ〉 = 〈Ψ|H + V ′ − V |Ψ〉

<latexit sha1_base64="tdm4lQGf10HHvoIAUVNwjWzi4Qo="></latexit>

A + AA : E + E ′ < E + E ′ + 0
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UNIVERSAL FUNCTIONAL F[n(r)] 
Definition of Energy Functional for a given potential V(r) 
The ground state density n(r) determines the potential of the Schrödinger 
equation, and thus the wavefunction    

<latexit sha1_base64="MZMx19Vqm26Z7ujoZUrz3DCJEVY="></latexit>

Ψ
<latexit sha1_base64="EiMR3H/qK9xPpRezXvpTGzpkW5M="></latexit>
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<latexit sha1_base64="l24YXuXTr+p1kltWXcVjNHocknk="></latexit>| {z }
F [n(r)]

<latexit sha1_base64="IcBSHZ0RKkZ2qvh88Jm8hNq8m+E="></latexit>

F [n(r)]
F[n(r)] depends only on the density, thus it is universal i.e. it is the same 
independent of the number of particles and  for all systems where the 
particles interact with each other by the Coulomb interaction W

Universal Functional

<latexit sha1_base64="04jQj5HeB9R5rac0j/FYkrHFxzU="></latexit>

EV [n] = min
 

h [n]|K̂ + Ŵ + V̂ | [n]i

:= min
 


h [n]|K̂ + Ŵ | [n]i +

Z
n(r)V (r)dr

�
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PROOF OF HK-THEOREM 2: nGS(r) MINIMIZES E[nGS]

By construction
Assume ground state density

Proof:  

Given arbitrary density n(r): 

Hence:  E0 and n0 can be obtained by minimizing E[n] 

<latexit sha1_base64="bgzLeUMtNkxYvqR5YVz8azA2CR0="></latexit>

EV [n(r)] = F [n(r)] +
∫

n(r)V (r)dr ≥ E0 ( = sign if n(r) = nGS(r) )

<latexit sha1_base64="Yi5JX8yvlpXlpn0/S6+3MEM1Oyk="></latexit>

n:a(r) = n0(r) ⇐⇒ V0(r)
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KOHN-SHAM DENSITY FUNCTIONAL THEORY
W. Kohn, L. J. Sham, Phys. Rev. 140, A1133 (1965)

non-interacting electron system “s”

Toward a practical scheme

<latexit sha1_base64="H8xOu6GCaTRcoQMe/1twuAEApe4="></latexit>

Ŵ = 0

¥ Universal functional

¥ Orbitals of non-interacting electrons in (external) potential à one-electron 
sisSchrödinger equation:

¥ For N electron states, construct the electron density of non-interacting electrons 
iiiiifrom the lowest-lying one-particle states that is consistent with     :

¥ For small variations around the ground-state density, E is stationary:

<latexit sha1_base64="4ykwXoAx1v82tkKNIEzPX5KfCWw="></latexit>

F [n] = min
Ψ

〈Ψ|K̂ |Ψ〉 = Ts [n] = 〈ΨaH�i2`|−
1
2∆|ΨaH�i2`〉

<latexit sha1_base64="bjplJRX/SppjnyVNWE+KoYOsI/s="></latexit>

Vb
<latexit sha1_base64="VxgFc5oZ8MAhf79OQ+Kc4hlOpgs="></latexit>

nb(r) =
PN/2

i=1 2 | i (r) |2

<latexit sha1_base64="qnWE4I4xRgTgBwykHZvLvL7ebck="></latexit>

0 = �
�
Tb[n] +

R
nVb

�
= �Eb = Eb[nb + �nb] � Eb[nb]

<latexit sha1_base64="bPXvNYsRQbjlb+E1ZcryE2R89oE="></latexit>

0 = �
�
Tb[n] +

R
nVb

�
= �Eb = Eb[nb + �nb] � Eb[nb] =) �Tb[n] = �

R
�nVb

<latexit sha1_base64="bjplJRX/SppjnyVNWE+KoYOsI/s="></latexit>

Vb
<latexit sha1_base64="KDiSXeTcgDhMOx3AjkxgiMs9BjA="></latexit>(
−∇2/2 + Vb

)
ψi = εiψi

yields the exact ground state density corresponding to
<latexit sha1_base64="0V2hOYYLcbbAGKPZg/vF/6J0u6k="></latexit>

Vb
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à

<latexit sha1_base64="wrfQIFi2K1sbA6tZjLtd5G5Nvnw="></latexit>

�
R
�nVb

¥ Find an effective potential such that for non-interacting electrons                        
where         is the ground state density of an interacting system.

¥ From

KOHN-SHAM EQUATIONS

kinetic energy of the
non-interacting system Hartree term EH Exchange and correlation; contains 

the exchange interactions and the 
corrections to the kinetic energy

Approximate!

interacting electron system
<latexit sha1_base64="bjplJRX/SppjnyVNWE+KoYOsI/s="></latexit>

Vb
<latexit sha1_base64="GcvZHXwW78EfPBe2v8brkd0wgOs="></latexit>

nb(r) = n(r)
<latexit sha1_base64="BJpphHd++l7B9Yvexba7HyM7ItI="></latexit>

n(r)
<latexit sha1_base64="d0J/DK0Ln2Z7Rf4SGxi52tToegM="></latexit>

E [n(r) ] = Tb[n(r) ] +
∫

n(r)V (r)/r +
1
2

∫ ∫
n(r) · n(r′

|r − r′)| /r/r′ + Et+[n(r) ]
<latexit sha1_base64="KCaMZapHnkktLfeDX0YxvxJpadY="></latexit>

= T [n] � Tb[n]
+ W [n] � E>

<latexit sha1_base64="WTrZ/BP+kTsgfYmISxF69QAJM5o="></latexit>

δE
δn(r)

= 0 ⇒ 0 = δTb[n] +
∫

/r n(r)
[
V (r) +

∫ ·n(r′)
|r − r′)|/r′ +

δEt+[n(r)]
δn(r)

]

Kohn-Sham Potential 

Kohn-Sham equation
<latexit sha1_base64="v3ggPqOhFSZ4XqV5VlrzPw+QYow="></latexit>(
−∇2

2
+ Vb

)
ψi = εiψi

<latexit sha1_base64="XHy+L8uUXCF3obZxJvUHMjPP4X0="></latexit>

Vb(r) = V (r) +
∫ ·n(r′)

|r − r′)|/r′ +
δEt+[n(r)]

δn(r)
<latexit sha1_base64="bjplJRX/SppjnyVNWE+KoYOsI/s="></latexit>

Vb
<latexit sha1_base64="MgDRjRe6IyZRkvQJjEIbTkz37rU="></latexit>

ψi
<latexit sha1_base64="kAJH4cYqzBtmaS8BvCC4GcoeMMA="></latexit>n

Equations solved 
self-consistently:
guess     à à
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¥ DFT describes first and foremost ground state densities and ground state-
properties.

¥ Kohn-Sham orbitals have, strictly speaking, no physical meaning, except that 
is the exact density of the interacting system. In particular, is       

not to be taken as an approximation to the many-body wave-function 
of the system.

¥ Likewise, the orbital energies 𝜖! have in general no physical meaning.

KOHN-SHAM: CAUTIONARY NOTES

<latexit sha1_base64="jllGDH9jAOfj8kODS0sl448xv4k="></latexit>

n(r) =
PN

i=1 | i (r)|2
<latexit sha1_base64="D1Of7Yn2VP9W9qEV61FY2XA0h8c="></latexit>

det( i (r))
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LOCAL DENSITY APPROXIMATION (LDA)

¥ Kohn-Sham equations transfer the problem of finding the correct density to
finding the correct exchange-correlation potential. 

¥ The simplest approximation is LDA, which exploits the nearsightedness of 
the electronic matter:

where                 is exchange and correlation energy per 
particle of a homogeneous electron gas (HEG). 

W. Kohn, L. J. Sham, Phys. Rev. 140, A1133 (1965)

Kohn & Sham: “We do not expect an accurate description of 
chemical binding”

<latexit sha1_base64="ZHenwkqmTVCYCrNANgvoBB/b02U="></latexit>

EG.�
t+ [n(r)] =

∫
ε?QK

t+ (n(r)) n(r) /r

<latexit sha1_base64="DbNIFUDiHlGr0NfpIa8Qxu73BFM="></latexit>

ε?QK
t+ (n)
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“JACOB’S LADDER” OF XC-FUNCTIONALS
(according to J. P. Perdew)

“And he dreamed, and behold a ladder set up on the earth, and the top of it reached to heaven: and behold the 
angels of God ascending and descending on it.” Genesis 28:12 (King James Version).

Most frequently used

More on Thursday: lecture by Gustav Bihlmayer

https://www.dropbox.com/s/oi50dhvtilqnrqd/Screen%20Sh
ot%202021-04-11%20at%2020.29.35.png?dl=0

Heaven of chemical accuracy

Earth of Hartree
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THE KOHN-SHAM STANDARD MODEL

For: Physics, Chemistry, Nanoscience, Materials Science, Bio-Physics,   
Minerology, Geology,…

Total Energy:

Secular Equation:

Density:

“The Computational Approach”

Energy is functional of electron density n and external parameters
such as lattice constants, atoms positions, magnetization direction… 

CPU-Time scaling:

Selfconsistency loop

≈ N3
atom ≈ Volume3, ≈ Precision3

<latexit sha1_base64="KWjgQhYBoCx8g+v7iF4WsObzBXo="></latexit>

E = E [n, {RA}, a, ... ]

<latexit sha1_base64="pv1nV5FsZTJjuPpNOGcHHx5Y+LY="></latexit>

Ĥ[n]ψi [n] = εi [n]ψi [n]
<latexit sha1_base64="xhFCXgdzUWy9Mx7/37gARg6lAcg="></latexit>

n(r) =
M∑

i(Q++)

|ψi (r) |2
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THE CROWD 
§ DFT-calculations became a huge international 

Enterprise reaching 30.000 publications a year 

There is a crowd!

1990 1995 2000 2005 2010 2015 2020
Year

0

5000

10000

15000

20000

25000

30000

N
um

be
r o

f p
ub

lic
at

io
ns

World total

§ Number of DFT papers: 
Materials vs. Chemisty

Web of Science |  Key words: First-principles,  Ab initio,  Density functional Web of Science |  Key words: 
B3LYP, PBE  DFT
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§ A computation that took one year in 1989 would take one second in 
2018 (30-million-fold increase in 1 generation)

§ CPUs AND THROUGHPUT CAPACITY DOUBLE EVERY 14 MONTHS

JUWELS
+JUREKA

§ Evolution of peak performance on Top500 list

top500.org

è Virtualization of Materials Exploration and Design 

THE DIGITAL SPACE 
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THE QUANTUM MATERIALS SPACE

Quantum Space of electrons (Hilbert Space):
� ~2

2m
� + V (x)

�
 (x) = E (x) DFT

Static 
+ Dynamik

GW

Excitation

Kubo

TransportChallenges
Larger Systems
More electron correlation  

Longer spin-dynamics simulation  

Chemical Space (Configuration Space):

Very different computational  challenges

Combining: quantum engine + autonomous high-throughput framework +  data informatics 
Challenges

Making quantum engines resilient and robust (Error handling and recovery)
Writing workflows  

Connecting high-thru’put frameworks with Exascale computer considering security  
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A useful way to write down 
the unknown functional is 
in terms of single electron 
wave functions. 

There exists a
one-to-one mapping
between energy and 
density

All depends 
electron density
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Thanks !
And enjoy the workshop


