DENSITY FUNCTIONAL THEORY
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QUANTUM MECHANICS

I am sure many of you have solved the Schradinger
equation for 1 election once analytically

B Schrodinger equation

2
—%A + V(x)| W(x) = EV(x) s state

E. Schrodinger (1926), Annalen der Physik, 361-377

» Wavefunction based theory

B First-principles theory

A‘/ xS

{"gf\”“ 3 ,In physics and other sciences, theoretical work is said to be from first principles,

L y/) or ab-initio, if it starts directly at the level of established science and does not

WIKII"EDIA make assumptions such as empirical model and parameter fitting." l JU LICH
J Forschungszentrum
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QUANTUM MECHANICS OF MANY ELECTRONS

Oth Order kinetic approx.
Adiabatic approximation
Matter as spatial structure
lons at fixed positions

B Hamiltonian of many electrons
Ni,Ne
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Z ‘Rn — R

Atomic units (Bohr radius ag = hz/(mez) , Hartree energy = me* /ii?)

B Solution: Many body wave function
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MANY-BODY PROBLEM: TOO COMPLICATED

TO SOLVE! Quantum Mechawics of Many-Electron Systems.
| By P. A. M. Dirac, St. John’s College, Cambridge.

(Communicated by R. H. Fowler, F.R.8.—Received March 12, 1929.)

§ 1. Introduction.

The general theory of quantum mechanics is now almost complete, the
imperfections that still remain being in connection with the exact fitting in
of the theory with relativity ideas. These give rise to difficulties only when
high-speed particles are involved, and are therefore of no importance in the con-
sideration of atomic and molecular structure and ordinary chemical reactions,
in which it is, indeed, usually sufficiently accurate if one neglects relativity
variation of mass with velocity and assumes only Coulomb forces between the
various electrons and atomic nuclei. The underlying physical laws necessary
for the mathematical theory of a large part of physics and the whole of chemistry
Scapncd at the Amcrican are thus oompletely known, and the diﬁculty 18 Olll}' thét the exact application
SIS o/ EVJRCS of these laws leads to equations much too complicated to be soluble. It there-
fore becomes desirable that approximate practical methods of applying quantum
mechanies should be developed, which can lead to an explanation of the main
features of complex atomic systems without too much computation.

P. A. M. Dirac, Proc. Camb. Phil. Soc. 26, 376 (1930) ’J JULICH
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APPROXIMATE SOLUTION

Use variational ansatz for unknown wave function

m Rayleigh-Ritz variational principle

. {Y|H) Throw in ansatz with strong physical intuition
E = mwln ([ > Eo plus flexible functional form aind parameters
. (WIHER™E) o = . | |
m Ar{$Hte: Shate of ihgdépEntent single particle wave function

inclfuding %ﬁp ymmetry of many body wave function explicitely
P1(X1) o P1(Xn)

wSlater(x1 XN) =

¢N&X1) ¢N(.XN)

J.C. Slater, Phys. Rev. 35, 210 (1930)

Xj =Tioj

Vi(rjoj) = ¢js(r;)x(o;

1
VNI
)

John C. Slater

JULICH
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HARTREE-FOCK APPROXIMATION

D.R. Hartree, Proc. Camb. Phil. Soc. 24, 89, 111 (1928)
B Minimize Energy V. Fock, Z. Physik 61, 126 (1930)

E = mJn<wSIater|H‘wSIater> under constraint that (y;|;) Vi € occ. states

)
O = \U H \U — 6 / dv T
5¢7(r, O') ( < Slater ‘ | Slater> I,o ¢/a ¢IU( )
I o
Norm;ﬁsation Vladimir Fock
: » V,, is a potential that
m Hartree-Fock Equations acts only at the state of

72 same spin
(_—VZ + Vext(r) + VHartree(r) - VeX(r; IU)) qbia(r) = 6i0¢ia(r) > Solution is a self-

consistency problem

_Z ‘Rn r‘ /dvl / V/n2(r;i0|r/) r IO' Z (b/a (bla ( )¢Io( )

|r—r/| i ¢Ta Cb/a()
9 JULICH
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THOMAS-FERMI APPROXIMATION

L.H. Thomas, Proc. Camb. Phil. Soc. 23 (5), 542 (1927)
Enrico Fermi, Rend. Accad. Naz. Lincei. 6, 602 (1927)
C.F. von Weizsacker, Z. Phys. 96, 431 (1935)

(1) Interpret total energy as functional of density E{n}

(2) Describe kinetic energy in terms of density dependent kinetic energy of
nomogeneous electron gas. Replace constant density n in

3hn°kz 3 2 h?

I= NE 2m 10(37T )? mV(n)§ _
= by slowly varying density n(r) — r\\
3 h? AR B AN
T} = 2@ [ drpnml El e
10 m R3 1 ‘%‘\Z‘\

»Energy functional S ES S s S

2 > ; r/aBs |
JULICH
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DENSITY FUNCTIONAL THEORY

HOHENBERG-KOHN THEOREMS
P. Hohenberg, W. Kohn, Phys. Rev. 136, B864 (1964)

Known: the external potential and the number of electrons determine uniquely the charge density n

Theorem 1: For a given external potential V, the ground-state properties of a system
are uniquely determined by the electron density alone, i.e. they are functionals of the

density.

Theorem 2: The exact ground-state density minimizes the energy functional E[n(r)]

Forschungszentrum
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DENSITY FUNCTIONAL THEORY
HOHENBERG-KOHN THEOREMS

F2
Calculate
Density
Single particle potential Ca- _
of non-degenerate Wavefct GS-Density
Ground state Fio: V(r) —s o

} per construction surjective

Fo : 1+ n(r)

Hohenberg-Kohn-Theorem 1:
G is invertable FioFo =G : V(r)— n(r) ‘J JULlCH
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PROOF OF HK-THEOREM 1: V[n]

® Proof: By reducis ad adsurdum

(T +V «+wW) ¥ = E We have to show
(TAV' awW) ¢ oot e = agq @@

Assume 2 systems with ¥ # W map to the same density n
[: E=(VHNWV) < (V|HV) = (V'|H + H—- H|V") = (V|H + V - V'|V')

= (W [H' W) + (W |V — VW)

= E’+/dr n'(r) (V(r)— V'(r))
I : E = (V|H|W) < (WHW) = (W|H+ H — HW) = (W[H+ V' — V|W)

= (VIH|V]) + (V|V' = VW)

| | / =E+/drn(r)( V(r))
[+11: E+E <E+E +0% JULICH

Vi(r) —
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UNIVERSAL FUNCTIONAL F[n(r)]

B Definition of Energy Functional for a given potential V(r)
The ground state density n(r) determines the potential of the Schroding
equation, and thus the wavefunction ¥

oo
NS

Ey[n] =min (W[n)|K + W + V|v[n])

= mir [(\U[n]|f(+ Wv[n]) +/n(r) V(r)dr]

A\ - 4
-~

m Universal Functional F[n(r)]

F[n(r)] depends only on the density, thus it is universal i.e. it is the same
independent of the number of particles and for all systems where the
particles interact with each other by the Coulomb interaction W

Member of the Helmholtz Association Stefan Bliigel @ FLEUR hands-on | 2021-04-12 www.fz-juelich.de/pgi/pgi-1 Page 14 J
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PROOF OF HK-THEOREM 2: ngg(r) MINIMIZES E[ngg]
Ev [n(r)] = F[n(r)] + / n(r)V(r)dr > Ey (=signifn(r) = ngg(r))

m Proof: By construction
Assume ground state density ngs(r) = ng(r) <= Vop(r)

—

Given arbitrary density n(r): nc}’\(\i—s Vi = V[»\](r)s_—% “f[h]
EL D= LT T W 41, Lt Td

thtng =3¢ = LyTeD Wy > L,
%

Scwcﬂ E,"lzl

) PR«
=0 Dt =t T ) =
UJ JULICH
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® Hence: E;and nycan be obtained by minimizing E[n]
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KOHN-SHAM DENSITY FUNCTIONAL THEORY

Toward a practical scheme
W. Kohn, L. J. Sham, Phys. Rev. 140, A1133 (1965)

B non-interacting electron system “s” W =0

~ 1
Universal functional F[n] = m\Jn(\U|K]\I!> = Ts[n] = (Wsiater| — EA‘wSlater>

Orbitals of non-interacting electrons in (external) potential V, - one-electron
Schrodinger equation:
Jer &4 (=VZ/2 + Vi) 9 = €y

For N electron states, construct the electron density of non-interacting electrons
from the lowest-lying one-patrticle states that is consistent with V,:

N/2
nu(r) = S 2 9i(n) |
For small variations around the ground-state density, E is stationary:

0=20(Ts[n] + [ nVy) = 6E; = Ei[ns + én] — Es[ns] = 6 T[n] = —f6
ylelds the exact ground state density corresponding to V; JU LICH
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KOHN-SHAM EQUATIONS

® interacting electron system

Find an effective potential V/, such that for non-interacting electrons ns(r)
where n(r) is the ground state density of an interacting system. Approximate!

r
L] = Tn()]+ [ nyvinar+ 5 [ [ 55 gg‘r'drdw +Euln) -~ Tin

>

= n(r)

Exchange and correlation; contains

kinetic energy of the
Hartree term E
the exchange interactions and the
corrections to the kinetic energy

non-interacting system
— [ dnV4
0 Exc[n(r)] ]

SE ) g
From =00 ='5Ts[ni+/dr”(r) [V(r)+/ =) o

0 EXC[n )] Equations solved

- n(r’) (r
® Kohn-Sham Potential V,(r) = V(r) +/ ram r’)|dr/ + o | self-consistently
"~ guess Vi> ¢i>n

. Ve
- Kohn-Sham equation (—7 + Vs | ¥i = € - . ‘J :’l{';'CHm
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KOHN-SHAM: CAUTIONARY NOTES

DFT describes first and foremost ground state densities and ground state-
properties.

Kohn-Sham orbitals have, strictly speaking, no physical meaning, except that
n(r) = SN, [i(r) 2 is the exact density of the interacting system. In particular, is
det(i(r)) not to be taken as an approximation to the many-body wave-function
of the system.

Likewise, the orbital energies ¢€; have in general no physical meaning.

IJ JULICH
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LOCAL DENSITY APPROXIMATION (LDA)

W. Kohn, L. J. Sham, Phys. Rev. 140, A1133 (1965)

Kohn-Sham equations transfer the problem of finding the correct density to
finding the correct exchange-correlation potential.

The simplest approximation is LDA, which exploits the nearsightedness of

the electronic matter:

EXPAn()] = [ <o (n(r) () ar M ¢ prox machon
ner)
where 5§§m(n) Is exchange and correlation energy per o .
particle of a homogeneous electron gas (HEG). — S

Kohn & Sham: “We do not expect an accurate description of
chemical binding”

IJ JULICH
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“JACOB’S LADDER” OF XC-FUNCTIONALS

(according to J. P. Perdew)

Heaven of chemical accuracy

A
S
| E generalized random phase (B2PLYP,...)
M A
P E Hutree hyperGGA (B3LYP,M06-2X,...) -
L C
|| Tor v2p(r) metaGGA (TPSS,MO06-L,...) U
C R
| Vplr) GGA (BLYP,PBE,...) 'i
T |
Y p(r) LDA (SVWN) Y
\ 4

Earth of Hartree

“And he dreamed, and behold a ladder set up on the earth, and the top of it reached to heaven: and behold the
angels of God ascending and descending on it.” Genesis 28:12 (King James Version). ‘
Page 20 J
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THE KOHN-SHAM STANDARD MODEL
“The Computational Approach”

For: Physics, Chemistry, Nanoscience, Materials Science, Bio-Physics,
Minerology, Geology,...

Total Energy: E = E[n,{R:}, a,...]

Energy is functional of electron density n and external parameters
such as lattice constants, atoms positions, magnetization direction...

— Secular Equation:  H[n];[n] = ¢][n] ¥i[n]

@ l Selfconsistency loop M
«——Density: n(r) = Z | i(rr) |'2
i(occ)

CPU-Time scaling: = N3, = Volume?, = Precision’ |

9 JULICH
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THE CROWD

= DFT-calculations became a huge international = Number of DFT papers:
Enterprise reaching 30.000 publications a year Materials vs. Chemisty
30000 | | |
- 1 World total s [m DFT IE
25000 § PBE I
S ; There 4 4 crowd! [ 8 B3LYP :
J 20000 ol e
< I
T : |
> - & - I -
215000 =)
o : S 4 _
@ [ > | i
-g 10000 vl i AL il |
- L 7
s [ N / B
= - = o 0 -
5000 l i .
- | I |
- I I
0 0 oo 0oL i I I I l I
1990 1995 2000 2005 2010 2015 2020 1990 yézz(l)roo 2010
Year
w i : First-princi , initio, i i Web of Sci K ds:
eb of Science | Key words: First-principles, Ab initio, Density functional B3eLY|03, Ff:éegce | Key words ‘ . J U L I C H
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THE DIGITAL SPACE
= Evolution of peak performance on Top500 list

10EFLOPIS
1EFLOPIS
100 PFLOPIS
10 PFLOPIS JUWELS
1 PRLOPLS © +JUREKA
100 TFLOP/

100G7L0P5"
10GFL0PLS
16RL0S

1993 19941995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 20172018
top500.0rg

= A computation that took one year in 1989 would take one second in
2018 (30-million-fold increase in 1 generation)

= CPUs AND THROUGHPUT CAPACITY DOUBLE EVERY 14 MONTHS

IJ JULICH
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THE QUANTUM MATERIALS SPACE

& Quantum Space of electrons (Hilbert Space):

>
I[_Zh—mA + V(x)] U(x)= EV(x) <> DFT GW Kubo
Challenges Static Excitation Transport
B Larger Systems + Dynamik

B More electron correlation

_ . , Very different computational challenges
B Longer spin-dynamics simulation

& Chemical Space (Configuration Space):
Combining: quantum engine + autonomous high-throughput framework + data informatics
Challenges

B Making quantum engines resilient and robust (Error handling and recovery)
m  Writing workflows

B Connecting high-thru’put frameworks with Exascale computer considering security‘ JULICH
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A useful way to write down
the unknown functional is
in terms of single electron
wave functions.

All depends
electron density

There exists a
one-to-one mapping
between energy and
density
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