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OVERVIEW

» preliminaries
« self-interaction (Hartree approximation)
« exchange (Hartree-Fock approximation)

» density functional theory

* local density approximation (LDA)
« exchange-correlation hole www.flapw.de

» beyond LDA Ieu r

« gradient expansions and GGA

« some simple applications
9 JULICH
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MANYBODY WAVEFUNCTIONS

1 1 1
H=—— V21V +=
2; 2 + (TH?;W—@\

Hartree: U = ¢ (71)¢2(72) . .. on (7N)

¢1(m1)  ¢2(r1) O (1)
h _ . www.flapw.de
Hartree-Fock: ¥ = gbl(_m) ¢2(.r2) ¢NFr2) = [N (TN)| Ieu Y
¢1(Fn)  ¢d2(TN) On(TN)

Cl: U = c1|¢\V (7n)| + 2|8 (Fa)| + . ..
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HARTREE APPROXIMATION

1 1 1
h; + — U=l ith hi = —=V2 + Vo (T
Z( +2;) - g Vet Veal)

Interacting electrons (¥ = ¢1¢s ... onN):

(et )6 = =X )i Vit = 3 (6, 16,7 )

jFi j#i 75 = 751

Average V; over all particles (introduce self-interaction):

Vil = 3 (0, (7)) = [ 2 ar

j
Hartree-equation: (h + V(7)) ¢i(7) = €ii (7)
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HARTREE-FOCK APPROXIMATION

Incorporate antisymmetry condition for fermions:

—

\PSIater(fl . -33N) —

Exchange term: antisymmetry + Coulomb-interaction
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EXCHANGE IN HF

1 1 1
’H:—Z (§V?+‘/ext) +§Z 7] :Zhi+zgij
i ity i i,j
Hartree: [h; + > (#5l9ij195) — (Pilgijldi)lbi = €idi
HF: [+ 3200 (69 1955105 Y107 — D (65 19:5107 ) 6 = s

S
7,0
A\

7

-~

rewrite as: | b 55, (67707 (Mo (o7 (), | o7

{hiﬂ (b;gb%;(@w)cﬁ;’m 93] 67(7)97 (7)) |~
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EXCHANGE HOLE

VI = — ety S (87007 (Mlawglo (767 (),

Is the potential produced by the exchange charge density:
n? (7, 7) = — Zj . @i (7)7 7 " (7)d7 (M d7 ()

¢i (7)* ¢4 ()
Properties of nZ (7, 7): ;
Charge: [ng(7,#)d(i") = —1 £ www.flapw.de
Limit () — (7): : Ieur
ng (7 = — Y, 65 (M ()
J.C.Slater, Physical Review 81, 385 o
(1951) 0_ IIIIIIIIIIIIIIIIIIIIIIIII

correlation = everything beyond HF .
@) JULICH
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LOCAL DENSITY APPROXIMATION (LDA)
TO DFT

9 JULICH
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HOHENBERG, KOHN & SHAM

® Hohenberg & Kohn (1964):

B = [ Vealn(ydrr+ 3 [ [ S drai + Glar)

® U and V. (7) uniquely determined by n(r)
# F stationary w.r.t. variations of n(7)

® Kohn & Sham (1965): www.flapw.de
® FEy, of non-interacting e: TO[ (F)] —2 5 (i V?|8i) Ie u r
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COMPARISON: DFT & HF

()

7= 7]

1
H: —§V2‘|—‘/ext(77>‘|‘ dfl?/—i_vxc(f’)

1 1 1
H = —Z (§V?+%xt> ‘|‘§Z ’77 —f‘}‘ :Zhi+zgij
i ity " i i,j

Hartree: [h; + >, (¢;19i5195) — (@ilgijl0i)|di = i

HF: (B + 30, (9519651050100 — > (95l955104) &5 = iy Wi Tiapwide

J

— leur

corres_ponds to VXC(F) in DFT

Local HF (Slater):
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XC-POTENTIAL IN LDA

"Modern" exchange-correlation (XC) hole:

e (7, ) = () / 0 ]gn (7,7, €) — 1] = n(7 (7, 7)

and XC energy:Ey [n(7)] = § [ din(7) [ di e (7, 7)

Local density approximation :

www.flapw.de

Eye[n(P)] = Exc(n(r)) : h(F,7) = ho(|7 — 7|, n(i")) Ieu r

(hole function h for uniform electron gas with density n)
JULICH
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EXACT vs. LDA XC HOLE

™ T
20 - Exact
10 I LSD _
"///
- 1 I ]
-0.3 02 (. r'l/a, 0.0 0.1
TSRS | T T T -'-\ J . ’
~ 50
_ 5.0 N\ Rn,™ [r.R)
£=013  RnS°(rR) 0.06 P \ . www.flapw.de
10} \\ o—’ = 0.63
-1 J -1 \
0.5f & ) \
Exaci R Exact
/ 0.02 )
('R':) LD
1 d | ey 1 1 B O | P Y
02 R/a, 0.4 1.0 R/a, 20

® exact and LDA XC hole in a N atom (top) quite different
® spherical average around the electron agrees well (bottom)
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BEYOND LDA: GRADIENT EXPANSIONS
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GRADIENT EXPANSION APPROX. (GEA)
Eyo[n] = EXPA (n) + /drf (n, Vn, VZn)

const. density ng + perturbation on(r) — n(r) =ng + dn(r)

/drn(r) -N = /dran(r) =0

B 5By | 2B, ,
Byoln + 0n] = Eyolno] + / e S () + / / i’ e b))

only second order terms survive!

@) JULICH
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2ND ORDER TERMS IN GEA

62 Exe
on(r)on(r’)

o = Ko (0,1 )|y 20 Kye(|r — 1], 0)

local approx. g_v\no _ /drKXC(!r\,no) = Kyo(k = 0,n0)
n

known for HEG; expand:

~ ~ www.flapw.de
KXC(k, ’no) p— Kxc(k — O7 no) —+ oz(no)k2 -+ 6(710)]64 -+ ... Ieu r
good for small | r - r’ |, worse than LDA for large | r—r’ |

1
overall rather poor...

Becln] = EXPA(n) + 5 / dra(n(x)(Vn(r)” + 5 / drB(n(r)) (V2n(r)® + ...
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GENERALIZED GRADIENT APPROX. (GGA)
DESIGN PRINCIPLES

» no strict expansion in orders of on
» chose f [n, Vn,V?n] to fulfill exact properties

> or fit f[n,Vn,V?n] to reproduce xc-energies of known systems

www.flapw.de

ideally: - l eur

v non-empirical

v' universal
v simple

Mitglied der Helmholtz-Gemeinschaft J Forschungszentrum



LDA vs. GGA: FE AND CR

Fe
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lattice constant a (A)

GGA gives better structure, not necessarily better magnetic properties
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EVOLUTION OF XC POTENTIALS

full orbital based DFT (e.g. c-RPA)
hyper-GGA (+exact exchange energy)
meta-GGA (+kinetic energy density)
GGA (+gradients)
LDA (density)

www.flapw.de
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SUMMARY:

Evolution of exchange-correlation potentials

» "local Hartree-Fock™ type

» better description of exchange-correlation holes
» parametrization of QMC data

» fitting to databases

» inclusion of data beyond the density
Loants you for your atlention /
’
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