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Why Wannier functions?

Ana|y5is of chemical bOnding Wannier interpo'ation
& Berry phase theo
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2 Figure taken from Marzari et al.

Rev. Mod. Phys. 84, 1419 (2012)
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Figure taken from Marzari et al. Rev. Mod. Phys. 84, 1419 (2012) " ) L "

Construction of model Hamiltonian WFs as building blocks for large-scale simulation

Ex. (Multi-orbital) Hubbard model Left Lead Conductor Right Lead
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Figure taken from Shelley et al. Comp. Phys. Comm. 182, 2174 (2011)



What | will cover

* [heoretical backgrounds & physical insight

* Concepts of major keywords
- Gauge indeterminacy
- Projection
- Disentanglement
- Energy window (outer, inner/frozen)
- Wannier interpolation

 Examples:
- PbLTIO; (insulator)

- Fe (metal)

* Practical usages will be covered in the hands-on session on Friday.
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What is the Wannier function?

Bloch function: |¢,i) = €™ |upni)
Wannier function: Bloch f;Jf)\C“OﬂS Wanni(er)functions
V. e N (WL (W
R = oy / e Y VJ\V TV \A \r
Vi (X) w, (X)
A N
t ANRRAS T

i) = ) e ® |Rn) 2 \ 2
R NWM — o\+ —

E G. H. Wannier, Phys. Rev. 52, 191 (1937) ) 5 Marzari et al. Rev. Mod. Phys. 84, 1479 (2012)




Basic Properties of the WFs

Yni) = Y e™F |Rn)

R .
Bloch theorem: TR |1nik) = ™™ [¢n)
v Ynk+a) = |[¥nk)
_ Ve —ik-R
|R’IZ> — (27_‘_)3 /dk € ‘wnk> - (27.‘.)3 ; /
v Orthonormality: (¢, k|Vn/k) = % Onn0°(k — k')
= — [ dk em By ) )
(2)°

implies <RTL‘R,TL,> = Onn/ORR!
Completeness?

Localized around r = R if u,_is a smooth function of K (ArAk ~ 1)
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The gauge indeterminacy

Gauge = Choice of a phase factor in the wave function

Unk) — oi®n (k) Ui

8 — original
/\ ~= ¢ = cos(k) .
@ Yr(x) = Z e*w(z — R)
= ! R
5 4 ;o
> AN I A 1 -
2 j \ w' (x — R) = o /dk e~ FReio(k)y (1)
5 T4 3 2 106 1 > 3 4 5
X

Computer algorithms calculate Bloch states independently for each k-point.

* Arbitrariness of the phase factor!
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Maximally-localized WFs

SU(N) gauge degree of freedom: |unk) — Z Uk ) Umn (K)

Rn) = )3 Z/dk ™™ B Juy1e) U (K)

A goal: To find U that minimizes the spread of the WFs

Q=37 |(0n]r? |0n) — (On|r|on)?| = 37 (%), —=

This can be done in k-space!

€& Marzari and Vanderbilt, Phys. Rev. B 66, 12847 (1997)
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The spread functional in k-space

€& Marzari and Vanderbilt, Phys. Rev. B 56, 12847 (1997)

Q=" [(on|r?0n) — (0n|r |on)*| = " [(r?), — 2]

The spread functional can be expressed in k-space.

- Ve e 5 “Berry phase theory of electric polarization”
r, = u u
" (271-)3 < nk‘ K nk> & Resta, Ferroelectrics 136, 51 (1992)
€ King-Smith and Vanderbilt, Phys. Rev. B 47, 1651 (1993)
v
2 - C .
<r >n = )3 dk (Oxunk| - |OkUnk)

Minimizing the spread in r-space <= Smoothening the gauge in k-space
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Minimizing the spread functional

0= X[, -5

Ve _ Ve
<r2>n _ 23 /dk (OxUnk| - |OkUni) r, = (;w)?’ /dk (U |OkUnk)

Our goal: To find U that minimizes the spread of the WFs for [tnk) = »  [tmk) Unn (k)

59
5U (k)

Calculate and find the steepest “direction”

0§
lterate until SU (k)

becomes sufficiently small

Update U (k) — U(k) + U (k)



Workflow

1. Converge the charge density.
From the converged potential, obtain the Bloch states.

2. Project initial Wannier states onto Bloch states.

N
D) = D [mi) Amn(k), Amn(k) = Prmi|gn) =
m=1 .

- Prepared from FLEUR

3. Minimize the spread functional in k-space.
- (WF1.amn, WF1.mmn)

i ) 1
(p = Nik éwb ; _—Im lnMT(Ll:L’b) —b- f’n_ : QQop = N Zwb Z M,,(,i‘ﬁb)
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Example: Ferroelectric PbTiO;

https://en.wikipedia.org/wiki/Lead_titanate
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T < T

 Second order phase transition at Tc = 760 K.

» Tetragonal phase has spontaneous
ferroelectric polarization.

 Technologically one of the most important
ferroelectric/piezoelectric materials.
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» Projection to p,, p,, p, orbitals localized around the O atom

(Total 3 x 3 =9 WFs)



Example: Ferroelectric PbTiO;

WF1.wout

Writing checkpoint file WF1l.chk...

Final State

WF
WF
WF
WF
WF
WF
WF
WF
WF

Sum of centres and spreads

0_D=
Delta: O_D=

centre
centre
centre
centre
centre
centre
centre
centre
centre

and
and
and
and
and
and
and
and
and

0.10400608 0_0OD=

spread
spread
spread
spread
spread
spread
spread
spread
spread

1
2
3
4
5
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9
d
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4.0545921 O0_TO0T=
0.6305573E-12 0_0D= -0.7852442E-11 O_TOT=

.667190,
.667190,
.667190,
.667190,
667190,
667190,
.000000,
.000000,
.000000,
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w W W

.667190,
.667190,
.667190,
.000000 ,
.000000 ,
.000000
.667190,
.667190,
.667190,
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62.8240153
-0.7218886E-11

.004375 )
.012015 )
.012163 )
.875182 )
.651426 )
.085762 )
.875086 )
.651951 )
.085915 )

196768 )

» oo~ D~ OON NN D

. 70208290
.50569513
.50727039
.88913140
.97500908
00055573
.89365336
.95904148
.67097587
62.

82401535
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Tight-binding model

I-th site J-th site

HTB — Z&‘ZCICZ —l— thjc;':c] —|— « o
~— / (is) \
ti;

WSS R (R MR (RO

Rn R'n/
Ve

= 503 R) Ho (R - R R = o [ a6 o ) (0

Rn R'n’/

on-site energies hopping parameters

Ve ik X.
FT: |Rn) = 21)3 / dke "™ R |h,1) where  Hypp/(K) = »  Hpn (R)e™ R
R
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Wannier interpolation

& Figure taken from Marzari et al. Rev. Mod. Phys. 84, 1419 (2012)
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* Obtain maximally-localized WFs.

FLEUR

 Coarse g-mesh (e.g. 8x8x8).

* (Converge the charge density
* Obtain the Bloch states

* Find a representation of an observable
f(q) within the Bloch basis o

Ex: Hamiltonian, Pauli matrices, spin torque,
orbital angular momentum, orbital character, etc. 14

« Transform f(q) to R-space using
U(q) to obtain F(R)

F(R) = Ve /dqe_iq'Rx

(2m)?
Ut(q)f(a)U(q)

+ 4+ 44—

f(k)
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* (Calculate the observable efficiently
INn dense interpolated k-mesh.
(e.g. 512x512x512)

. f(k) = Z F(R)e®R
R



How does it work?

0 /\ * Discrete Fourier transform in 8x8x8 q-point mesh implies
| o the periodicity in every 8 unit cells.
0.4
o  The spread of the WF has to be smaller than 8 unit cell.
D)
+ 0.3
?Ez  Otherwise, the k-space interpolation is problematic.
< 0.2
P P * Remark:
0.11 j \ ‘\\ fine details in k-space = long-range behavior in R-space.
0.0 =

12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12
Position

Conclusion: The Wannier interpolation works because the WFs are localized.
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An example: Berry curvature

PHYSICAL REVIEW B 74, 195118 (2006)

Ab initio calculation of the anomalous Hall conductivity by Wannier interpolation

Xinjie Wang,! Jonathan R. Yates,>> Ivo Souza,>* and David Vanderbilt'
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The Berry curvature exhibits spiky behavior in k-space
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Entangled bands In metals

Insulator (PbTiO3) Metal (bcc Fe)
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A set of composite bands is isolated It is not possible to separate a set of bands.
from the rest of the bands. — Entangled bands
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Obtaining WFs from entangled bands

€& Souza, Marzari, and Vanderbilt, Phys. Rev. B 65, 035109 (2001)

1. Disentanglement (subspace optimization)

» Find a set of Bloch states that are “disentangled” from the rest of the Bloch states.

- We select the smoothest possible subspace starting from N4 = Ny, BlOCh states.

wanin

2. Gauge optimization

» After the disentanglement step, find a gauge that minimizes the spread.
» This step is the same as for isolated bands.
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Disentangling bands

T >
1. Projection / # of Bloch states Ny,3nd = Nwann

Nband

This defines the outer window, which should be

- sufficiently wide so that it includes major weights
of the Wannier projection.

* not too wide to avoid unwanted character of
the Bloch states (and to reduce the computation cost)

Enk — EF [e\/]

+ Ny,,q Mmay depend on K.
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Disentangling bands

2. Find an “optimal” subspace that minimizes the spread
Q=Q1+ Qp + Qop

b =3 3 [Ralrjon)? Qop= 3 3 [(Rm|r|on)]? ——>  Gauge-dependent
n RF#O0 nzm R

() = Z [<0n| r® |0n) — Z (Rm|r \On)\Z]
Rm

n

Gauge-independent

1 Nwann
Y= 5= 2 wpTr [PcQusn] where Pi= Y [ini) (@nkl, Q=1 P
k,b

n
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Physical meaning of €,

€& Souza, Marzari, and Vanderbilt, Phys. Rev. B 65, 035109 (2001)

1
() = Fk Z wp 11 [Pka+b]
k,b

where Py = Z Unk) (Unk|, Qx =1— P

- {2, measures the average of the mismatch of the subspaces at k and k + b.

- Minimizing £2; corresponds to finding an “optimally-connected” subspace in k-space.
» This is done by iteratively solving an eigenvalue problem

T N
Z wp P, I&b) \’UJS;)J — )\S’l){ |u£:1)<> and picking V,,,,, leading eigenvectors.
b
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Frozen window (inner window)

- How to construct WFs that describe the original bands “exactly”
in a limited energy window?

- How to achieve this goal while keep WFs as localized as possible?

& Sec. llIG, Souza, Marzari, and Vanderbilt, Phys. Rev. B 65, 035109 (2001)

» We can enforce certain Bloch states to be included in the subspace
— frozen window (inner window)

- Since NV, states are already included in the subspace, we choose the rest V.,

wann N, froz states

out of Vg — Ny, States.
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What you can do from FLEUR-WANNIER90

Berry phase effect Spintronics & Orbitronics

Photo-induced

: : 2D materials
spin/orbital response

Dongwook Go, Tom Saunderson,
Frank Freimuth

Topological
orbital magnetism Orbital Rashba effect

Tom Saunderson
Maximilian Merte, Frank Freimuth, Mahmoud Alzeer

Theodoros Adamantopoulos Johanna Carbone

Now it’s your turn!

Jan-Philipp Hanke Dongwook Go
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Thank You!
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